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Abstract Differential Evolution (DE) is a simple powerful
evolutionary algorithm for solving global continuous optimization
problems. The especial characteristic of DE algorithm is calculat-
ing a weighted difference vector of two random candidate solu-
tions in the population to generate the new promising candidate
solutions. A major operation of the DE algorithm is the mutation
which can affect its performance. The main goal of this study is
investigating the in uence of ordering vectors on various mutation
schemes. We design some Monte-Carlo based simulations to
analyze several mutation schemes by calculating the probability
of closeness of a new trial solutions to a random optimal solution.
These simulations indicate that mutation schemes can enhance
the performance of the DE algorithm which they consider right
ordering of the vectors in their mutation operators. Also, we
introduce a new mutation scheme which considers in ordering
vectors in the mutation scheme. We benchmark the modi ed
DE algorithm with the ordered mutation scheme (DE/order) on
CEC-2014 test functions with three dimensions 30, 50, and 100.
Simulation results con rm that DE/order obtains a promising
performance on the majority of the test functions on all mentioned
dimensions.

. INTRODUCTION

Global optimization problem has been arisen in man
scienti ¢ and engineering applications. A global optimization

problem can be mathematically formulated as

min  f(z) (1)
st. xeld (2)

and crossover rate CR [12], [13], [14], [15], new initialization
strategy [16], [17], controlling population’s diversity [18], [19],
designing self-adaptive strategies [20], [21], etc.

For each parent candidate solutignthe basic mutation
operator (DE/rand) in the DE algorithm selects three random
candidate solutions;,, zi,, and zj, from the population
to create a mutant candidate solution as the donor solution.
The indiceszi,, zi,, and zi, are different from the parent
candidate solutioni. Several mutation schemes of DE have
been proposed to improve its performance for solving op-
timization problems [3], [4]. There are some modi cations
such as adding several weighted difference vectors to the base
vector, adding weighted difference vectors of several candidate
solutions (e.g.xi, +zi,-zi,), and using the special candidate
solution as the base vector like the best candidate solution of
three candidate solutions. In [22], a new version of mutation
operator was proposed which sorts two rst candidate solutions
in the mutation operator according to their tness in ascending
order to set as vectorg, andz;,. Also, the winner mutation
strategy [23] was introduced to identify nonlinear system
which uses the best candidate of three randomly selected
candidate solutions as the base vector in the mutation equation.

YThese methods attempt to investigate which candidate solution

can be a potential candidate solution to set as the base vector
in the mutation operator but they do not consider the direction
of the weighted difference vector. Also, they have not analyzed
their proposed schemes in detail.

This paper aims at analyzing the order of candidate solu-

Where(2 is the decision space ands a decision vector. Many i,
of these global optimization problems cannot be easily solved
because they are faced with several challenging features, f
example, they can be non-linear, non-convex, multi-modal an
non-differentiable. Differential Evolution (DE) was proposed
by Storn and Price in 1995 to nd the global optimum in
challenging optimization problems [1], [2]. DE is a kind of
evolutionary algorithm (EA) with an especial mutation oper-

ns to place as vectors of the mutation operator which can
ect signi cantly the performance of the DE algorithm. Some
fimulations are designed and conducted to investigate which
rrangement of candidate solutions can generate promising
new trial candidate solutions. Also, we propose a hew mutation
scheme, called the ordered mutation, which uses the ascending
order (for minimization problems) of three randomly selected
. . : -~ candidate solutions corresponding to their objective function
ator which uses the difference among the candidate solutiong,,es to place as the vectors of the mutation scheme. It
of the population. The main motivation of DE is designing a:qngjders hoth the direction of the weighted difference vector
new mutation strategy which creates a new trial solution by,\q setting a potential candidate solution as the base vector.
adding a weighted difference vector of two candidate solutlonsrhe modi ed DE algorithm with the ordered mutation scheme

to a third candidate solution as the base vector. One cycle of E/order) is evaluated on CEC-2014 benchmark functions on
DE algorithm executes three basic steps: mutation, Crossov&h ee dimensions 30, 50, and 100. Simulation results con rm

and selection. DE repeats these steps until the stopping criteriga; o the majority of the benchmark functions, the proposed
are satis ed. A large number of modi ed DE algorithms havesgweme performs better in overall.

been proposed to analyze and enhance the various steps of
algorithm [3], [4], such as , modifying crossover and mutation  The organization of the rest of the paper is as follows.
schemes [5], [6], [7], [8], [9], [10], [11], adjusting three Section Il presents a background review. Section Il describes
control parameters, i.e., population size NP, scale factor Ehe details of modi ed DE algorithm with the order mutation
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scheme. Section IV explains conducting Monte-Carlo basedhere are two crossover methods, namely, exponential and bi-
simulations. Section V presents the experimental results. Firomial. The binomial crossover operator integrates the param-

nally, the paper is concluded in Section VI. eter values of the mutant vector with some selected individual
candidate solutions of the current population to generate the
[I. BACKGROUND REVIEW nal offspring vector. In [1], [2], the binomial crossover is

A. Differential Evolution- A Brief Description de ned to generate a trial vector as follows:

Differential Evolution (DE) was proposed by Price and .. — Jvzi rand()< CR or j=jrand (10)
Storn [2] in 1995. DE operates on a population including “ xzj otherwise

N P randomly candidate solutions. There are two main stages, . .
namely, initialization and evolution. DE starts with some ran-Where CR is the crossover rate, a CO”Star!t value W'Fh'n the
domly generated candidate solutions as an initial populatiod"€"Va![0; 1) and,jrana is @ random number i, 2,...., D; D

DE applies two operators, mutation and crossover, to generatg te problem dimension. In the exponential crossover, rst
new trial solutions during the evolutionary process. The varianf integen is randomly selected among the numberslinD]
versions of DE was proposed according to the used schemes Wich is the starting point for the exponential crossover. Also,
crossover and mutation which are denoted as DE/x/y/z. In thignother integel are taken from the mutant vector which is
DE/x/y/z notation, x indicates the candidate solution which isselectgd by executing of the following pseudo-code:

used as a base vector to change, y is the number of difference™ 0; DO

vectors, and z indicates the type of crossover (i.e., bin or exp} CL+1

WHILE ((rand(0, 1)= CR) AND (L = D)). Then, the trial
ctor is calculated as:

In following, some versions of mutation and crossover scheme
are briey described. The basic mutation, rand scheme, i
the classical DE (DE/rand/1) generates the mutant vector €

a linear combination of three selected individual candidate vzj forj=(n)p,(n+1)p,....,(n+L—1)p
solutions from the current population as follows: Uzj = z,; otherwise
v = i, + F (20, — Tiy), 3 (11)

S . . .. Where the angular bracket$p denotes a modulo function
wherei,, iy, i3 are different random integer numbers within \yith modulusD. After that, DE selects the better one between
[1, NP] and N P is the population size. The scaling factbr .. and 4; according to their tness values for the next
is the real constant factor to control the difference vector. Th gneration (i.e., greedy selection).

other three different mutation schemes, suggested by Storn a

Pri 1], [2] are list low:
ce [1], [2] are listed as belo Ill. A MODIFIED DE ALGORITHM WITH THE ORDERED

DE/rand/2: v = xi, + F.(xi, — xi,) + F.(xi, — zig), (4) MUTATION SCHEME

DE/best/1: v = wpest + F.(xi, — xi,), ) Through several research works on the DE algorithms [3],
A o S [4], it has been observed that the performance of DE can be
DE/best/2: v — et + (i, m'.3)+F'(x"‘ is). (6? ~inuenced by modifying the mutation scheme. Therefore, the
Where i,-i5 are different random integer numbers within mytation scheme and its corresponding direction information
[1, NP] and xpest is the current best candidate solution in are bene cial to guide the search in the DE algorithm. DE
the population. In [22], a new scheme of mutation operatorselects three different random candidate solutions, (zi,,
DE/2-Opt, was proposed which sorts two rst candidateandz;,) from the current population to generate new candidate
solutions in the mutation operator according to their objectivarial solutions during the mutation step. In this section, we
function value in ascending order to placeaas andzi, i propose a modied DE algorithm with the order mutation

the mutation operator as: scheme which uses the objective function of three different
‘DE/2-Opt/1": random candidate solutions to arrange order of vectors in
) mutation scheme. In DE/order/1, rst, three selected random
v = {xil + F(wi, — wiy) !f f(ziy) < f(zi,) solutions are sorted in ascending order according to their
zi, + F(zi, —xi,) if f(xi,) < f(zi,) tness values for placing as vectors;(zzi,, andz;,) in the
(7)  mutation. The sorted candidate solutions can be called as the
‘DE/2-Opt/2": best, the second best, the worst candidate solutions. Then,

, the best, the second best, and the worst candidate solutions
= {mil + F.(zi, — @iy + i, — ig) !f flaiy) < f(ai;) are considered as solutiong , zi,, andz;j, in the mutation
P +F'($i1 - Tiz + Ti, _xis) if f(xiz) < f(xh) Vi = Ti, +F-($i2 *xig)-
8 ‘DE/order/1";
Another scheme is the winner mutation (DE/win) [23] which
uses the best candidate of three randomly selected candidate

solutions for the base vector as follows, vi =i, + Fl(zi, — i) (12)
‘DE/win/1": st fzi,) < fl=i,) < f(=iy) (13)
zi, 4+ F(x, —xi,) it f(x,) < flai,), fzi,) Whe(ef(a;) indicates the objective function for the value of
o= Q@i+ Flay —mg) 0 fl@i,) < flai,), i) solution.r.
Ziy + F(z, —xi,) if f(ziy) < f(xi,), f(zi,) The main modi cation of this mutation is placing the

(9) best candidate solution of three candidate solutions as the
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base vector and selecting two other candidate solutions as the )
potential candidate solutions in the computing of the difference |
vector in the mutation operator in ordered. In DE/best/1, a: .| 1

we mentioned in the section II-A, the current best solution \M
A g0

of the population is placed as the base vector to explor:.*

i

more promising regions but it can be trapped in local optima?gﬁ . w2
solution because of using the current best solution to generai | .sweersbamermmsi |
all new trial solutions. In the proposed DE/order/1, the best 0. / | Sad
three selected candidate solution are used as the base vec

which was proposed in [23] to modify DE for nonlinear *
system identi cation. Placing the best candidate solutions o

TV S STV
i M

three selected ones as the base vector instead of the curr¢ * ® o ™ A
best solution in the population causes to generate the various (a) DE/1/exp (b) DE/2/exp
solutions located in the different regions of the search space

which would not be prone for premature convergence Simila " fumsmwbmmmar o . o

to the previous case. Therefore, it can avoid trapping in loca .
optimal solution. We suggest putting the worse candidate

solution of three candidate solutions as third vector in the,
mutation which causes that the new trial candidate solutioi:
to get away from the worse candidate solution and move;”
forward toward the second best candidate solution. It mean:,
that after selecting three candidate solutions randomly from th

population, we use the sorting order of three random selecte [
solutions to place as vectors corresponding to their ascendir rmarameri s g A e N Bt

02

sorting of their tness. g @ w1 e

Dimensions Dimensions

(c) DE/1/bin (d) DE/2/bin

44 DEforder/2/bin
= DEfrand/2/bin

Fig. 1 demonstrate an example to indicate the behavior
of the proposed mutation scheme. It includes three candidafelg. 2: The probability of closeness for DE/order and DE/rand mu-
solutionszy, z2, andzs and the optimal solution. As we can ta_tion schemes for the exponential and binomial crossover operators
see that the direction of the difference vecton (x z5) is ~ With CR =0.9 and F = 0.5
toward the candidate solutian, which causes to go away from
the worst candidate solution. Then, by adding the difference
vector (1 —x3) to the best candidate solutiony the new point . .
V is generated. To see the difference between two directions g: Ar|1atl_yzmg mutation schemes of DE by Monte-Carlo based
difference vector, it can be seen that by adding the differenc imuiations
vector (a3 — x2) to 1, it reaches the new point; which is far In order to further analyzing the effect of ordering vectors
away from the optimal solution and moves toward the worstn the mutation schemes, we demonstrate the behaviour of
solution. This mutation scheme is very simple and it does nogome mutation schemes in the DE algorithm by implementing
need any extra computation because the complexity of sorting series of simulations. Monte-Carlo simulations are applied
three candidate solution is constant. Also, it keeps all othefo calculate the probability of closeness (to a randomly gen-
steps of DE algorithms untouched. erated solution) of new candidate trial solutions obtained by
some mutation schemes. The simulations runifer times, a
solution is generated uniform randomly as an optimal solution
and some candidate solutions (i.e., three or more depending
on the mutation scheme under study) are generated uniform

The optmal olution randomly. Also, in these simulations it is supposed that the
x Euclidean distances of each candidate solution is consider as
its objective function value (closer to solution has better tness
,hmr value). Each trial of these simulations has following steps:
The difference vector 1) An optimal solution and several candidate solutions
R | are generated uniform randomly.

2) The Euclidean distances of all candidate solutions to
X the optimal solution are computed as the objective
N . function values of candidate solutions which are used
to sort the candidate solutions in some mutation

schemes.
3) One candidate solution is randomly selected as the

parent solution.

The new trial candidate solutions are calculated by
using the different schemes of mutation and crossover

operators.

Fig. 1: lllustrating a sample behavior of DE/order/1 in 2-D space. 4)
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5) The Euclidean distances of new trial candidate solu-
tions to the optimal solution are computed to deter- - _ _ _ _
mine the best mutation scheme which can generate a v =i, + F.(xi, — i) + F.(zi, — zig) (15)
better new trial candidate solution; closer to the the s f(xi,) < f(zi,) < f(i;) < f(xi,) < f(zis)  (16)
optimal solution. Fig. 2 indicates the closeness probability of DE/order and

DE/rand mutation schemes with the exponential and bino-

mial crossover operators. As we can see, in the exponen-

tial crossover, DE/order has higher probability than DE/rand

fg?;;;;jéﬁ;vp :DE;ddg/D; especially when dimension is less than 200. By increasing
— | dimension, the probability of DE/order is decreased but it is
z\ > \ still higher than DE/rand. Also, the probability of DE/rand
A M is increased as the dimension increases. For the binomial
R — | 0 Y crossover, DE/order has higher probability than DE/rand and
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this behaviour is constant as the dimension increases. Fig.
j . 3 indicates the closeness probability of DE/order, DE/win,
i and DE/rand mutation schemes with the exponential and
‘ 1 binomial crossover operators. As we can see, in the exponen-
» tial crossover, DE/order and DE/win mutation schemes has
higher probability than DE/rand especially when dimension is

(a) DE/L/exp (b) DE/2fexp less than 200. Also, by increasing dimension, the probability
of DE/rand is increased while the closeness probability of
/44 DEjorder/1/bin - . . .
| e N W two other mutation schemes is decreased. For the binomial

crossover, DE/order and DE/win mutation schemes have higher
probability than DE/rand and this behaviour is constant for
higher dimensions.

L& ORI S bt A i
TR et T find M

L e A oot g A b . oo -
3 Fig. 4 indicates the closeness probability of DE/order,

===m DE/2-opt, and DE/rand mutation schemes with the exponential

eewen) and binomial crossover operators. As we can see that in

" o 1 the exponential crossover, DE/order has higher probability
i i A A B H H i

RS A A than DE/rand and DE/win mutation schemes especially when

@« —w w = dimension is less than 200. Also, by increasing dimension,

() DE/1/bin (d) DE/2/bin the probability of DE/rand and DE/win mutation schemes are

increased while the closeness probability of two other mutation
Fig. 3: The probability of closeness for DE/order, DE/win, and schemes are decreased. For the binomial crossover, DE/order
DE/rand mutation schemes for the exponential and binomial crossove{nd DE/2-opt mutation schemes have higher probability than
operators with CR = 0.9 and F = 0.5 DE/rand mutation scheme which there is a signi cant dif-

ference between the closeness probability of DE/order (ap-

. . i proximately 0.2) and DE/2-opt (approximately 0.6) mutation
The closeness (to solution) probability of a mutation schemechemes.

is computed as the number of trials which it can generate o -
the better (i.e., closer) trial candidate solution divided by _Fig. 5 indicates the closeness probability of DE/order,
the number of total trials. Note that in these simulationsPE/2-opt, DE/win and DE/rand mutation schemes with the

we generate new trial candidate solutions in each iteratio§XPonential and binomial crossover operators. It indicates that
by performing the different mutation schemes in order toln the exponential crossover, three mutation schemes DE/order,
recognize which mutation scheme can generate the bett&E/2-0pt, and DE/win has higher probability than DE/rand.

trial candidate solutions. These simulations run on variou$\S We can see in Fig. 5 that the behaviour of DE/order and
dimensions from 1D to 1000D. The simulations considerPE/win mutation schemes are similar, increasing curve; while
four schemes DE/win, DE/rand, DE/2-opt and our proposed?E/rand and DE/2-opt mutation schemes have the decreas-
mutation scheme, i.e., DE/order. Two parameters CR and g curve. For the binomial crossover, DE/order, DE/2-opt,

are set to 0.9 and 0.5, respectively. Also, the winner mutatio@nd DE/win mutation schemes have higher probability than

(DE/win) can be extended for using DE with two difference DE/rand mutation scheme while the closeness probability of
vectors as follows: DE/order and DE/win mutation schemes are values greater

‘DE/win/2": than 0.3 and 0.4, respectively. Monte carlo simulations con rm
that when mutation schemes consider order candidate solutions
. 0 place as vectors in the mutation, they can generate better
@iy + Fo(wi, — i + @i, — i) ,'ff(wil) < f(x“)’f(m“);ev?/ trial solutions than the random scheyme. ?
vi =< @i, + Fl(xi, —xi, +xi, —xig) if f(ai,) < f(zi,), f(ziy)
xiy + F(zi, — i, + i, —xig) if faiy) < faiy), fxiy) IV. EXPERIMENTAL RESULTS
DE/order is also extended for DE with two difference vectorsA' Setup of Experiments
as follows: To study the performance of the modi ed DE algorithm
‘DE/order/2’: with the order mutation scheme (DE/order), we compare
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w on 21 (fi-fa.fe-f10.f15.f17.f20-f22, foa-fos, for-fa0) and
\ 0% i 19 (fi-fa, fo-fr0.f15:f17-f21, faa-fas, for-fos), respectively.
" > ozopeo DE/order/exp cannot achieve better results than DE/2-Opt/exp
\ on only one function (). In addition, The DE/rand/exp and
2 DE/2-Opt/exp perform similar to DE/order/exp on 9 and 10
] »‘M“”’“m other functions, respectively.
Sy
3 WMWMW i AR The results of algorithms for D=50 are summarized in
/4"”"“ Table II. It is obvious from Table Il that for the binomial
ul mutation, DE/order/bin algorithm outperforms DE/rand/bin
and DE/2-Opt/bin on 17 (ff4, fe-f10,f15:f17, fa0-f21, f25,
& W m W W m ?7']338, f:so)) and 16 .(f'lf2,[J;zE}f6,£10'/Jg1.1,f17'f18, f2g_— fzé,
25, for-f30), respectively. order/bin cannot achieve better
(a) DE/exp (b) DE/2lexp results than DE/2-Opt/bin on only one functionad)f In
addition, The DE/rand/bin and DE/2-Opt/bin perform similar
to DE/order/exp on 13 other functions. From Table II, it
can be seen that with the exponential mutation, DE/order/exp
performs better than DE/rand/exp and DE/2-Opt/exp on 23 (f
fay fo-frisfis, fir-far, faa-fa0) and 17 (f-fa, fe,f11, 5. f17-
fo1, fos, for-f30), respectively. Also, DE/2-Opt/exp archives
the better result on one functiofys. The DE/rand/exp and
DE/2-Opt/exp perform similar to DE/order/exp on 7 and 12
other functions, respectively.

(c) DE/1/bin (d) DE/2/bin

Fig. 4: The probability of closeness for DE/order, DE/2-opt, and
DE/rand mutation schemes for the exponential and binomial crossover
operators with CR = 0.9 and F = 0.5

DE/order against DE/rand and DE/2-Opt. Two crossover
schemes, exponential and binomial, were tested for the DE
algorithm. The experiment was performed on 30 benchmark
functions with 30, 50, and 100 dimensions. Algorithms were
evaluated for 51 independent runs and and the results were
recorded. In this study, the maximum number of evaluations
was set t01000 x D and the population size was set to 100.
A two-sided Wilcoxon statistical test with a con dence level
of 95% is performed between compared algorithms. Symbols
$, # and x denote the compared algorithms are better than,
worse than, or similar to DE/order, respectively. ‘w/t/l 'in the
last row in tables means that DE/order wins in w functions,
ties in t functions, and loses in | functions, compared with the
compared algorithms.

(a) DE/1/exp (b) DE/2/exp

B. Numerical Results

The mean and the standard deviation of the obtained (c) DE/1/bin (d) DE/2/bin
error values by three algorithms with dimensions 30, 50, and - )
100 are summarized in the Tables I-Ill, respectively. Table [Fig. 5:The probablll_ty of closeness for DE/order, DE_/2-opt, DE/Wlnl
indicates the results of algorithms for D=30. From Table |'and DE/rand mutation schenjes for the szponentlal and binomial
it can be seen that with the binomial mutation, DE/order/bin®"255°Ve" operators with CR = 0.9 and F = 0.5
performs better than DE/rand/bin and DE/2-Opt/bin on 2% (f
fas fo-f10.f15. f17-fa2, faa-fas, for-fas, f30) @and 18 (f-f4, f6-
fro0f17-f19, for » foa-Sfos, for-fos, f30), respectively. Also, Table 1l indicates the results of algorithms for D=100.
DE/2-Opt/bin can achieve the better result on one functiorFrom Table lll, it can be seen that with the binomial mutation,
f29. The DE/rand/bin and DE/2-Opt/bin perform similar to DE/order/bin performs better than DE/rand/bin and DE/2-
DE/order/bin on 9 and 10 other functions, respectively. It is ob-Opt/bin on 18 (f-f4, fs-fs,f10:f15: 17, 20-f22, fos5, for-
vious from Table |, for the exponential mutation, DE/order/expf3g) and 12 (f-fz,f4.f6-f7.f10.f17:020-f21 + fo5, fos, f30)s
achieves better results than DE/rand/exp and DE/2-Opt/expespectively. Also, DE/2-Opt/bin can achieve the better result
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