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Differential evolution (DE) algorithm suffers from high computational time due to slow nature of eval-
uation. Micro-DE (MDE) algorithms utilize a very small population size, which can converge faster to a
reasonable solution. Such algorithms are vulnerable to premature convergence and high risk of stagna-
tion. This paper proposes a MDE algorithm with vectorized random mutation factor (MDEVM), which
utilizes the small size population benefit while empowers the exploration ability of mutation factor
through randomizing it in the decision variable level. The idea is supported by analyzing mutation fac-
tor using Monte-Carlo based simulations. To facilitate the usage of MDE algorithms with very-small
population sizes, a new mutation scheme for population sizes less than four is also proposed. Further-
more, comprehensive comparative simulations and analysis on performance of the MDE algorithms over
various mutation schemes, population sizes, problem types (i.e. uni-modal, multi-modal, and compos-
ite), problem dimensionalities, and mutation factor ranges are conducted by considering population
diversity analysis for stagnation and pre-mature convergence. The MDEVM is implemented using a
population-based parallel model and studies are conducted on 28 benchmark functions provided for
the IEEE CEC-2013 competition. Experimental results demonstrate high performance in convergence
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speed of the proposed MDEVM algorithm.
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1. Introduction

Accuracy enhancement as well as increase of convergence speed
toward finding global solution(s) in optimization algorithms have
motivated many researchers to develop more efficient evolutionary
approaches. Such methods have solved many problems success-
fully such as smart grid design [1], vehicle navigation using ant
colony optimization (ACO) [2], and communication system design
using harmony search algorithm [3]. Differential evolution (DE)
algorithm is one of the state-of-the-art global optimization algo-
rithms, which is popular due to its simplicity and effectiveness. This
algorithm works based on a set of individuals, called population,
where an optimal size setting is imperative for a good performance
[4].

Different variants of DE algorithm with large population size
often grant more reasonable results than their small population
size versions. A large population size supports a higher diversity
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for the population, which recombination of its diverse members
offers a higher exploration ability to the optimizer to find global
solution(s) [5-7]. The proposed diversity enhancement technique
in this paper offers a better exploration of problem landscape. Most
of the research works during past years were focused on developing
complex approaches with a large populations size [49]. Utilizing a
large population size intrinsically encompasses more function eval-
uations [5]. Therefore, using algorithms with a large population size
may not be satisfactory for real-time or online applications [48,50].

Using a population size much smaller than the number
of decision variables is sometimes more efficient than some
of the state-of-the-art DE algorithms with a large population.
The term micro-algorithm, denoted by p-algorithm, refers to
population-based algorithms with a small population size [7].
The micro-algorithms have been used in diverse applications,
exceptionally due to their lighter hardware requirements and
opportunity to operate in embedded systems with a memory sav-
ing approach [4]. Employing small population sizes decreases the
number of function calls, but unfortunately due to lack of diver-
sity, it also increases the risk of premature convergence as well as
stagnation.
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The premature convergence problem refers to the situation
where the population has converged to a sub-optimal solution of
a multi-modal objective function [5]. This situation mostly occurs
when the population has lost its diversity and cannot jump out
of local optima. In this case, the algorithm progresses slower than
usual and may stop any further improvement of the evolved can-
didate solutions [5,50].

The stagnation refers to either of the following scenarios occur:
the population has not converged to any point and is still diverse;
the algorithm cannot find a better solution as it proceeds, even if
new individuals are entered to the population [5,50].

Based on the stagnation and premature convergence charac-
teristics, it seems reducing the population size while raising the
diversity of the population is a key point to achieve a faster
convergence speed while maintaining a low risk of premature
convergence or stagnation [5,50]. The DE algorithm is consisted
of several manually tunable control parameters, where different
adaptive proposals have been devised to avoid manual adjustments
[80]. One way to increase the diversity of population while keep-
ing its convergence toward global solution(s) is using parameter
adaptive techniques.

One of the main criticisms for population-based algorithms is
their computational cost. The core idea of this paper is to decrease
the computational cost by reducing the population size and com-
pensate the lack of diversity by randomizing the mutation scale
factor. This idea is not only simple, but also introduces a typical
interval for randomization of mutation scale factor (e.g. [0.1,1.5])
which relaxes the user from strict parameter setting of mutation
scale factor to a constant value [37] (even the self-adaptive versions
introduce a new hyper-parameter, the decay rate). The authors
have recently proposed the idea of vectorized random mutation
factor in DE algorithm for each decision variable of the problem,
called MDEVM [50]. The fact that using randomized mutation scale
factor acts randomly to select the mutation scale factor is right
(from a hyperbox), which is the reason for added diversity while
having many less individuals. But, it does not question the essential
idea of DE, since still computes the differences between individuals
in generating mutation vectors. The MDEVM has been applied on
3D sensor localization problem successfully [57].

The proposed transition from a scalar constant F to a scalar ran-
dom F to a vectorized random F in DE has an interesting inverse
in PSO [50]. In plain PSO [89], “velocities were adjusted accord-
ing to their difference, per dimension, from best locations”. This
design guideline is further solidified in the 2007 standard for PSO
[90]. As an extreme similar to scalar constant mutation factor in
plain DE, there is also “Canonical Deterministic PSO” in which the
update equation “system does not contain stochastic factors” [91].
It is noticeable that the role and effect of update weights in both DE
and PSO is an interesting area for continued and coordinated study.

We have made the following contributions in this paper: (1)
Conducted a comprehensive survey on micro-evolutionary algo-
rithms; (2) Studied the proposed enhanced version of the MDE
algorithm in [50], i.e. MDEVM, with population distributed imple-
mentation; (3) Mutation factor diversity analysis by Monte-Carlo
simulations; (4) Presented population-based parallel model of
MDEVM,; (5) Conducted comparative study and analysis of MDE
algorithms in terms of: variant mutation schemes and very-small
population sizes (i.e. Np={2, 3, 4}), various problems types (uni-
modal, multi-modal, composite), variant problem dimensions (i.e.
D={10, 30, 50, 100}) and mutation schemes, variant ranges for
mutation factor, population diversity of the MDE algorithms in
stagnation and trapping in local optimums, and variant stopping
conditions for the MDE algorithm.

In the next section, the micro-population based methods are
briefly surveyed. Then, a review of the DE algorithm is presented
in Section 3. In Section 4, the proposed method is presented, and

Table 1
Summary of related works in micro-population-based algorithms.

Population-based algorithm Related research works

Genetic algorithm (GA) [8,13,25,39-47]

Particle swarm optimization (PSO) [9,10,51-68,77]

Differential evolution (DE) [4,6,11,12,14-22,38,36,50,79]
Artificial bee colony (ABC) [69,70]

Bacterial foraging optimization (BFO) [71,72]

Artificial immune system (AIS) [75]

Elitistic evolution (EEv) [76]

Bat algorithm [73]

diversity enhancement in MDE using different structures of muta-
tion scale factor is studied in detail. The simulation results and
corresponding analysis are provided in Section 5. Finally, the paper
is concluded in Section 6.

2. Related works

Many research works have attempted to introduce efficient
micro-algorithms. We can categorize such research works into
four main groups which are micro-genetic algorithms (micro-GAs),
micro-particle swarm optimization (micro-PSO), MDE, and other
population-based approaches, Table 1. Another classification is
according to different methods in helping realizing the effect of
‘micro’, such as population initialization and re-initialization, pre-
serving individuals for the next generations, adaptive population
size,adaptive local search, cooperative sub-population/sub-swarm,
hybridization, and parameter adaptation techniques.

2.1. Population initialization and re-initialization

The idea of population reinitialization for micro-GA is one of
the early works in the field [42]. In this approach, the best indi-
vidual of each converged population, after a predefined number of
generations, is replaced with a randomly selected individual in the
population of the next iteration.

The micro-algorithms also have been employed in multi-
objective optimization (MOO). The improved version of non-
dominated sorting genetic algorithm (NSGA-II) with a specific
population initialization strategy is embedded into the standard
micro-GA to solve MOO problems [13]. A micro-GA with a pop-
ulation size of four and a reinitialization strategy is proposed in
[39] which can produce a major part of the Pareto-front at a very
low computational cost. Three forms of elitism and a memory are
used to generate the initial population [39]. PSO is one of the well-
known swarm intelligence algorithms, which its small population
size versions have been developed recently [9,67,10]. A five-particle
micro-PSO is used in [53] to deal with constrained optimization
problems. This method preserves population diversity by using a
reinitialization process and incorporates a mutation operator to
improve the exploratory ability of the algorithm. The reported
results present competitive performance versus the simple multi-
member evolution strategy (SMES) and stochastic ranking (SR)
method [53]. The micro-ODE is proposed and evaluated for an
image thresholding case study [16]. Its performance is compared
with the Kittler algorithm and MDE. The micro-ODE method has
outperformed these algorithms on 16 challenging test images and
has demonstrated faster convergence speed due to embedding the
opposition-based population initialization scheme [16]. A ‘micro’
version of bacterial foraging optimization algorithms (BFOASs),
called (u-BFOA), is proposed in [71]. This method keeps the best
bacterium unaltered, whereas the other population members are
reinitialized [71]. This approach has outperformed the standard
BFOA with a larger population size [71]. A micro-artificial immune
system (Micro-AIS) with five individuals (antibodies), from which
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only 15 clones are obtained is proposed in [75]. In this approach, the
diversity is preserved by considering two simple but fast mutation
operators in a nominal convergence manner, which work together
in a reinitialization process [75]. Centroid-based DE is proposed in
[60,61]. This approach uses centroid of population to compute the
next generation of population. It has been developed for popula-
tion initialization, which has superior performance versus uniform
random population generation.

2.2. Preserving individuals

A general technique to increase performance of population-
based algorithms, and particularly, their micro-version is preser-
ving one or more individuals of the current generation for the next
generation. One of the earlier research works in this direction is
a GA with five chromosomes [8]. The strategy is to copy the best
found chromosome from the current population to the next gener-
ation. It is tested on low-dimensional problems, which has resulted
in a faster convergence speed compared to the classical GA. An
improved version of micro-GA for constrained MOO is proposed
in [44], called archive-based micro-GA (AMGA?2). This algorithm is
based on a steady-state GA that preserves an external archive of
best and divert candidate solutions. This small population-based
approach facilitates the decoupling of the working population, the
external archive, and the number of required solutions as the out-
come of the optimization procedure.

The micro-PSO is employed for MOO in [54]. It produces rea-
sonably good approximations of the Pareto front of moderate
dimensional problems with a small number of objective function
evaluations (only 3000 calls per run), comparing to PSO approach.
This method uses a reinitialization method and two external
archives to preserve diversity [54]. One of the archives stores the
found solution during the search. The other archive stores the final
obtained solutions [54].

2.3. Adaptive population size

Some approaches toward reducing computational cost of DE-
based algorithms by reducing the population size are proposed
[11,12,14-16]. A gradually reducing population size method is pro-
posedin|[11]. This method is examined on 13 benchmark functions,
where the results have demonstrated a higher robustness as well as
efficiency compared to the parent DE [11]. The idea of self-adaptive
population size is utilized to test absolute and relative encoding
methods for DE [15]. The reported simulation results on 20 bench-
mark problems denote that in terms of the average performance
and stability, the self-adaptive population size using relative encod-
ing outperforms the absolute encoding method and the standard DE
algorithm [15]. The smallest population size used in [38] is Np=10.
This method tries to decrease the population size by using three
different rules to select candidates for replacing the trial vector
[38].

2.4. Adaptive local search

The micro-GA is used for local fine tuning in an adaptive local
search intensity manner for training recurrent artificial neural
networks (ANN) [46]. It is reported that this approach is useful for
system identification tasks. A local search procedure is hybridized
with the MDE algorithm in [6] to overcome high dimensional prob-
lems. However, the reported performance results are comparable
with some other methods. In order to increase the exploration abil-
ity of MDE algorithm and to prevent stagnation, an extra search
move is incorporated into the MDE algorithm in [4] by perturbing
it along the axes.

2.5. Cooperative sub-population/sub-swarm

A cooperative PSO approach is proposed in [63] which uses a
company of low-dimensional and low-cardinality sub-swarms to
deal with complex high-dimensional problems. Promising results
are reported using these methods. A parallel master-slave model
of cooperative micro-PSO is introduced in [ 10]. The original search
space is decomposed into subspaces with smaller dimensions.
Then, five individuals are considered in each subspace to iden-
tify suboptimal partial solution components. Its performance is
assessed on a set of five widely used test problems with signifi-
cant improvements in solution quality, compared to the standard
PSO algorithm [10]. In a micro-DE approach [12], small size coop-
erative sub-populations are employed to find sub-components
of the original problem concurrently. During cooperation of sub-
populations, the sub-components are combined to construct the
complete solution of the problem. Performance evaluation of this
method has been done on high-dimensional instances of five sam-
ple test problems with encouraging results reported in [12]. An
efficient scheduler for heterogeneous computing (HC) and grid
environments, based on parallel micro-cross generational elitist
selection, heterogeneous recombination, and cataclysmic muta-
tion, called pu-CHC is proposed in [78]. This method combines a
parallel sub-population model with a focused evolutionary search
using a micro population and a randomized local search method.
Performance comparisons of algorithms such as ant colony algo-
rithm (ACO) and GA have demonstrated good scheduling in reduced
execution times [78]. The parallel version of micro-GA, called par-
allel micro-genetic algorithm (PMGA), is reported in [43]. This
method solves the ramp rate constrained economic dispatch (ED)
problems for generating units with non-monotonically and mono-
tonically increasing cost functions. The PMGA is implemented on
a Beowulf cluster with 32 processors. The reported results demon-
strate feasibility of this approach for online applications.

2.6. Hybridization

A clonal selection algorithm (CSA), which belongs to the family
of AIS, in conjunction with a micro-PSO (CS2P2SO0) is introduced
in [62] as a hybrid scheme. In this hybridization, the strength of
standard PSO algorithm is enhanced, where the micro-PSO helps to
find the optimum solution with less memory requirement and the
CSA increases the exploration capability while reducing the chance
of convergence to a local minima. Simulations are conducted on
only four benchmark functions, where competitive performance is
reported. The micro-PSO has been developed for many applications
such as motion estimation [51], power system stabilizers design
[56,59], optimal design of static var compensator (SVC) damp-
ing controllers [58], reactive power optimization [64], short-term
hydrothermal scheduling [66], reconfiguration of shipboard power
system [68], and transient stability constrained optimal power flow
[65]. A mixed-integer-binary small-population PSO is proposed in
[77] for solving a problem of optimal power flow. The constraint
handling technique used in this algorithm is based on a strategy
to generate and keep its four decision variables in feasible space
through heuristic operators. In this way, the algorithm focuses its
search procedure on the feasible solution space to obtain a better
objective value. This technique improves the final solution quality
aswell as the convergence speed [77]. A cooperative micro-artificial
bee colony (CMABC) approach for large-scale optimization is pre-
sented in [69]. This approach has combined the divide-and-conquer
property of cooperative algorithms and low computational cost of
micro-artificial bee colony (MABC) method. As an application of
MDE, a hybrid differential evolution (HDE) with population size of
five is used for finding a global solution [79]. MDE is also employed
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Table 2

Parameter setting for all conducted experiments.
Parameter Description Value
Cr Crossover probability constant 0.9
NFCpax Maximum number of function calls 1000 x D
EVIR Objective function error value to reach le-8
Nrun Number of runs 30
F Mutation factor 0.9

for evolving an indirect representation of the bin packing problem
with acceptable performance [14].

A model of MOO for hierarchical GA (MOHGA) based on the
micro-GA approach for modular neural networks (MNNSs) opti-
mization is proposed in [45]. This approach is used for iris
recognition application. The MOHGA divides the input data into
granules and sub-modules and then decides to split the data for
training and testing phases. It is reported that this technique
can obtain good results based on using less data [45]. In [25] a
multi-objective micro genetic extreme learning machine is pro-
posed, which provides the appropriate number of hidden nodes
in the machine for solving the problem, which minimizes the
mean square error (MSE) of the training phase. The micro-GA is
applied successfully for many applications such as designing wave-
guide slot antenna with dielectric lenses [47], detection of flaws in
composites [41], and scheduling of a real-world pipeline network
[40], where better performances compared to the standard GA are
reported.

2.7. Parameter adaptation

Adaptation of micro-population-based algorithms is one of the
promising approaches to increase performance of such algorithms.
Many methods have been proposed in the literature to increase
robustness and reliability of DE algorithm through adaptive or self-
adaptive approaches [26,27,32]. This is particularly important for
the hyper-parameters adjustment. The mutation factor is one of
those parameters which generally is set to a constant value [37].
However, it has been shown that randomization of mutation factor
can offer a potential new search moves and compensate the exces-
sively deterministic search structure of a standard DE algorithm
[28,50]. Studies have used various distribution such as Gaussian,
Log-normal, and Cauchy to generate random mutation factor. How-
ever, none of them is superior over the others [37].

The methods proposed in [28,29] use random mutation factor
at each generation to increase diversity of the population, which
reportedly is effective for both noise and stationary problems [30].
These methods use a standard population size whereas the muta-
tion factor F is randomly selected from the range (0.5, 1) such that
its mean value is controlled to remain at 0.75.In [31], four different
mutation scale factor schemes are proposed. The population size
is set to Np=200. The study shows that none of the methods can
show promising results for all problems, since the performance is
dependent on the employed type of the distribution [31]. In [34],
a self-adapted DE algorithm for the mutation factor and crossover
rate parameters is presented. The smallest population size used in
the experiments is Np=25. A self-adaptive control mechanism is
used in [35] to change the mutation factor F and crossover rate
Cr during the generations. In this method, only the “rand/1/bin”
mutation vector is used for a multi-population method with aging
mechanism. The jDE method is one of the promising methods, as F
is generated with a specific ratio for each individual of a standard
populationsize [33]. The idea of generating random mutation factor
at the lowest level (for each individual of population and dimen-
sion of problem per generation) is proposed in [50]. This technique
is used to increase search performance of the standard MDE

algorithms. This method is evaluated on a set of 28 benchmark
functions for CEC-2013 competition, where the results show supe-
rior exploration performance. This algorithm, called MDEVM, is
used as a measure to compare the performance of a new muta-
tion factor, called current-by-rand-to-pbest, proposed in the JADE
algorithm [36]. This approach is a DE algorithm for unconstrained
optimization problems, the smallest considered population size is
Np=8][36]. The mutation factor Fand crossover rate Cr are randomly
generated at the beginning of each generation, where the mean of
distribution is updated in each generation. The proposed mutation
factor in [36], called current-by-rand-to-pbest, is tested for both
large and small population sizes on a set of 13 classical benchmark
functions. The comparative resultsin [50] show competitive perfor-
mance between MDEVM and wJADE algorithms. The cDE methods
uses a statistical representation of population, with similar memory
requirement to the populations with four individuals, regardless of
the problem’s dimension to solve problems [32,36]. Since in this
work we are focused on discussing small non-virtual populations,
this class of DE algorithms is left for further investigation in other
works.

For the environmental economic dispatch case study, a chaotic
micro bacterial foraging algorithm (CMBFA) with a time-varying
chemotactic step size is proposed in [ 74]. It is reported that the con-
vergence characteristic, speed, and solution quality of this method
are better than the classical BFOA for a 3-unit system and the
standard IEEE 30-bus test system. An other type of EAs, called eli-
tistic evolution (EEv), is proposed for optimizing high-dimensional
problems in [76], which works without using complex mechanisms
such as Hessian or covariance matrix. This approach utilizes adap-
tive and elitism behaviour, in which a single adaptive parameter
controls the evolutionary operators to provide reasonable local and
global search abilities [76]. The Coulomb’s law is used in micro-PSO
method for high dimensional problems [9]. First achievement of
this approach is removal of the burden for determining the suitable
size of space needed to enclose the blacklisted solutions and the
amount of repulsion needed to repel the particles, as these param-
eters are extremely difficult to determine for high dimensional
problems. The other achievement is the flexibility of controlling
the repulsion on particles through the use of a parameter which
controls the amount of repulsion experienced by the particles at a
particular position. The simulation results on five high-dimensional
benchmark functions demonstrate superior performance of micro-
PSO versus the standard PSO with a large populations size.

3. Differential evolution

The DE algorithm works based on the scaled difference between
two individuals of a population set, where the scaling factor is
called the mutation factor. Due to reliability and simplicity of the
DE algorithm, it has been employed in many science and engi-
neering areas such as solving large capacitor placement problem
[21] and synthesis of spaced antenna arrays [22 ]. Many works have
put new schemes forward to enhance the DE algorithm such as
opposition-based differential evolution (ODE) [18], Type-Il ODE
[55], enhanced differential evolution using center-based sampling
[19], and opposition-based adaptive differential evolution [20].
Generally speaking, while solving a black-box problem to find
optimal decision variables, an optimizer has no knowledge about
the structure of the problem landscape to minimize/maximize an
objective function. The DE algorithm, similar to other algorithms
in its category, starts its search procedure with some uniform ran-
dom initial vectors and tries to improve them in each generation
toward an optimal solution. The population P = {X{, ..., Xy, } con-
sists of Np vectors in generation g, where X; is a D-dimensional
vector defined as Xj=(xjq, ..., Xjp). Generally a simple DE
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Fig. 1. Diversity of vector for a 2-D individual vector R on a 2-D map for constant (F¢), scalar random (Fs), and vectorized random (F,) mutation scale factors.

algorithm consists of the following three major operations: muta-
tion, crossover, and selection.

Mutation: This step selects three vectors randomly from the pop-
ulation such thatiy # i # i3 # iwherei e {1,...,Np} and Np >4,
for each vector X;, the mutant vector scheme “DE/rand/1” is calcu-
lated as

V; = X;, +F(X;, — Xi,), (1)

where the factor F € (0, 2] is a real constant number, which con-
trols the amplification of the added differential vector of (X;, — X;, ).
The exploration ability of DE increases by selecting higher values
for F. So far, four main mutation schemes are introduced [80,81],
summarized as

e DE/best/1:

Vi = Xpest + F(Xi, — Xi,) (2)
o DE/t2b/1:

Vi = X; + F(Xpest — Xi) + F(Xi, — Xi,) (3)
e DE/rand/2:

V; =X;, + F(X;, — Xi,) + F(X;, — Xi,) (4)
e DE/best/2:

Vi = Xpese + F(Xi, — Xi,) + F(Xiy — Xy,), (5)

where Xp,,; is the corresponding vector of the best objective value
in the population.

Crossover: The crossover operation increases diversity of the
population by shuffling the mutant and parent vector as follows:

Vig, if randy(0,1) <G or dygpg=d
Ug= ) , (6)
X; 4, otherwise

whered=1, ..., D, is the dimension and C; € [0, 1] is the crossover

rate parameter, and rand(a, b) generates a real random uniform

number in the interval [a, b]. Therefore, the trial vector U; Vi e {1,
., Np} can be generated as

- Uip)- (7)

Selection: The U; and X; vectors are evaluated and compared with
respect to their fitness values; the one with better fitness value is
selected for the next generation.

Ui:(Ui,l7"'

4. Proposed diversity enhancement via vectorized random
mutation

In this section, first we discuss limitations of constant mutation
scale factor and provide motivation for a vectorized random muta-
tion scale factor. Then, we formally propose our vectorized random
mutation scale factor algorithm followed with a population-based
parallel model for parallel implementation. At the end, we discuss
behaviour of MDE in different problem dimensionalities to support
our proposed algorithm.

4.1. Exploration ability of mutation scale factor

The mutation scale factor has serious affect on the exploration
ability of the DE. We consider three type of mutation scale factors:
constant mutation scale factor (CMF), scalar random mutation scale
factor (SRMF), and vectorized random mutation scale factor(VRMF).
In order to visualize these factors, a variable space is presented
in Fig. 1a. For better presentation, it is made of small hexagons,
where each hexagon represents a point on the variable space. The
landscape for variables x; and x; is limited to boundaries [ay, b1 ]
and [ay, by]. A sample vector R is denoted with a dashed hexagon.
The vector F¢ x R denotes multiplication of an arbitrary CMF to the
vector R, shown with a dotted dark hexagon. Therefore, diversity
of the generated mutation vector F¢c x R is limited to one hexagon
(i.e. the dotted dark hexagon) on the direction of vector R. In the
case of having an identical uniform random F for all variables of an
individual (i.e., the SRMF scheme), the diversity of mutation vec-
tor Fs x R is not just limited to one hexagon (i.e. the dotted dark
hexagon), yet is along the vector R, denoted by grey hexagons. Con-
versely, by randomizing F for each variable of each individual using
a uniform random vector F, i.e. Fy x R, the VRMF diversity covers
the whole plane containing all the hexagons, which presents the
highest exploration power.

The diversities of CMF, SRMF, and VRMF are investigated by
employing Monte-Carlo simulation on an arbitrary landscape in
Fig. 1b. In this simulation for arbitrary vector R=[1, 1], 100 sam-
ple mutation vectors for each CMF, SRMF, and VRMF schemes with
Fc=0.5 and Fs, Fy € [0, 2] are generated, where the variables are
limited as x1, X, € [0, 3]. The simulation illustrates that the VRMF
scheme supports a higher diversity than the SRMF, where its diver-
sity is limited to the points on aline. Strictly speaking, if all variables
in the individual vector R are multiplied by a random scalar num-
ber, other points are generated on the same direction of the line
which is indicated by vector Fs x R. In fact, the SRMF generates
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Fig. 2. Monte-Carlo simulation of population diversity for D=2 and Np =5 after 10,000 random generation by considering the crossover operator.

points on the same direction as vector R. If the relationship among
the variables (variables’ interaction) are linear, the mutation vec-
tor is doing fine (which is a very exceptional case, especially during
solving real-world problems). However, when the VRMF scheme
is utilized, the mutation vector has no restriction to explore any
point on the search space with no linearity restriction, which was
the case for SRMF. This discussion is valid for higher dimensions,
where the line needs to be replaced with a plane or hyperplane.

By taking into account the crossover component of MDE algo-
rithm, another Monte-Carlo simulation is conducted for CMF, SRMF,
and VRMF schemes as presented in Fig. 2. This simulations are con-
ducted using the “DE/rand/1” mutation scheme for a population
size of Np=5, and 10,000 sample individuals are generated from
an identical uniform random population, in a 2D variables space,
where each variable is uniform randomly selected as x; € [0, 1]. The
crossover plays a decisive role in taking diversity into the popu-
lations, as presented for the CMF scheme in Fig. 2a. However as
presented in Fig. 2b and c, the crossover also expands the diver-
sity of SRMF and VRMF schemes dramatically such that almost the
whole variable space is explored by the VRMF scheme.

4.2. Proposed micro-differential evolution with vectorized
random mutation factor

In this subsection we formally introduce our proposed algo-
rithm. The population size of MDE is very small compared to the
standard DE. Reducing the population size means faster conver-
gence rate with a higher risk of stagnation. This is mostly due to the
lack of diversity in the population. Therefore, we need to increase
the diversity in population through other techniques.

In order to foster diversity, the mutation factor F, as one of the
most significant control parameters for the DE algorithm, can play
a major role. The mutation factor Fin the DE algorithm is a constant
mutation factor (CMF) generally set to F=0.5 [5,18]. This factor can
also be selected randomly for each individual [6]. Different ver-
sions of this scalar random mutation factor (SRMF) is proposed in
literature for standard DE algorithm. We call its micro version as
the micro-differential evolution with scalar random mutation fac-
tor (MDESM) where the population size is very small as well. In
order to increase the population diversity of MDE algorithm, we
propose the idea of vectorized random mutation vector (VRMF) for
each dimension of each individual, where its application for MDE
is called the MDEVM. Therefore, the mutation factor can be defined
for each individual i as
Fi={Fi,1v~-~7Fi,D}s Vi e {],...,Np}, (8)
where Fjj=rand[0.1, 1.5], Vj e {1, ..., D}, [6]. This interval is
selected based on the experimental results presented in the next
section.

Algorithm 1. Micro-Differential Evolution with Vectorized
Mutation (MDEVM)
1: Procedure MDEVM
2:g=0
//Initial Population Generation
3:fori=1— Npdo

4: ford=1—Ddo

5: Xi,q = XJUN + rand(0, 1) x (xN3x — xmin)
6: end for

7. PS =X

8: end for

//End of Initial Population Generation
9: while (|BFV — VTR| > EVIR & NFC < NFCyqx) do
10: fori=1— Npdo

//Mutation
11: Select three random population vectors from P8 where (i1 + iy # i3 # i)
12: ford=1—-Ddo
13: F=rand(0.1, 1.5)
14: Via =Xi,.a + F(Xiy.0 — Xi.a)
15: end for
//End of Mutation
//Crossover
16: ford=1—Ddo
17: if rand(0, 1)< C; or d,qnqg =d then
18: Uig=Vig
19: else
20: U,"d =Xid
21: end if
22: end for
//End of Crossover
//Selection
23: if f{U;) <f(X;) then
24: X;=U;
25: else
26: X'i=X;
27: end if
//End of Selection
28: end for
29: X;=X;, Vie{1,...,Np}
30: g=g+1

31: Pg:{Xl,A.‘,XNP]
32: end while

The pseudocode of the proposed MDEVM approach is in Algo-
rithm 1. After generation of initial population, the mutation vector
is computed by using the proposed mutation factor, Eq. (8). Then,
the crossover and mutation procedures are conducted similar to the
DE algorithm to generate the next population. The termination cri-
terion is met when the difference between best fitness value (BFV)
and fitness value-to-reach (VTR) is less than fitness error-value-to-
reach (EVTR), or the searching procedure exceeds the maximum
number of function calls NFCpqy, i.e., NFC > NFCpjqx.

4.3. Population-based parallel model

Generally speaking, the evolutionary algorithms are categorized
into population distributed and dimension distributed models. The
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Table 3

Ratio of number of generated vectors by the plain DE over proposed DE after binary
crossover stage for population sizes Np={3, 4, 5, 6, 10, 30} and dimensions D= {10,
100, 1000}. M — oo represents possible number of unique generated mutation vec-
tors using vectorized random mutation scale factor.

Np D
10 100 1000
3 6x210 6x2100 621000
6xMx210 6xMx2100 6xMx21000
4 24x210 24x2100 2421000
24xMx210 24xMx2100 24xMx21000
5 60x210 60x2100 6021000
60xMx210 60xMx2100 60 M x21000
6 120x210 120x2100 120x21000
120xMx210 120xM %2100 120x M x 21000
10 720x210 720x2100 720x21000
720xMx210 720x M x2100 720xMx21000
30 24,360x210 24,360x2100 24,360x21000

24,360xMx210 24,360xMx2100 24,360 M x 21000

population-based parallel models are parallelizable at the evolu-
tion task in population, individual, or operation levels [17]. Such
models are generally divided into master-slave, island, cellular,
hierarchical, and pool architectures. The dimension distributed
models are focused on parallelization of the dimensions. Some of
the famous models are co-evolution and multi-agent models. More
details are provided in [17].

In this paper, we have implemented the MDEVM algorithm
based on the master-slave population-based parallel model, Fig. 3.
This model is simple and individuals as well as mutation vectors
are mutually independent, therefore no message exchanging is
necessary between the slaves. In this model, the master performs
several tasks including initial population generation, mutation
factor scale generation, mutation vector generation, and parent
selection, to name some. It controls the crossover, mutation, and
selection operation. The master sends the population objects to
the pool of slaves, which is consisted of Np slaves. The slaves
receive each allocated individual from the master to a slaves to
perform and return fitness evaluation. The fitness evaluation is
allocated to the slaves because this operation is the most expensive
computation in a typical DE algorithm.

4.4. Micro-population behaviour in different problem
dimensionalities

By considering Np as the population size and the mutation
scheme in Eq. (1) with three parents, the DE algorithm can generate
(Np)3 = Np!/(Np — 3)! mutant vectors. In case of having a binary
crossover, each parent can generate 2P possible vectors. There-
fore, we totally have 2P x Np !/(Np —3)! possible vectors to help
the algorithm to explore the problems landscape.

Lets assume a finite discrete sample space IFP c IREO ={f e
IRP : f > 0}, with cardinality M such that inf{f e {IFP}:f>a}=aand
sup{f € {IFP} : f<b}=b.The mutation scale factor setF: {f1,f1,..../p}
for CMF, SRMF, and VRMF schemes is defined as f; = cte, f; = rand(|q,
b)), and f; =rand,([a, b]), respectively, where rand([a, b]) is a ran-
domly selected element (with uniform distribution) from IFP. In
this case, IFP? = IRQ0 if M — oo.

The fraction of number of unique generated points of the plain
DE over the proposed DE after the crossover stage for Np={2, 3,
4, 5, 6, 10, 30} and dimensions D={10, 100, 1000} is reported in
Table 3. We see that since the CMF is tailored to a constant value,

it generates many less unique mutation vectors compared to the
6!

6! D
VRMF. For example, for D=10 and Np=6, %
3 xMx2

Similar behaviour is observable for other dimensionalities and
population sizes. From a population size view point, as it increases,
more unique mutation vectors are generated; however, this value
is far less than the number of unique mutation vectors generated
by MDEVM. The total number of generated vectors are many more

— 0as M — oc.

for high-dimensional data, comparing to low-dimensional ones.
For D=10, the number of possible vectors for N, =5 is 0.24% of the
possible vectors for N, = 30, which means the power of exploration
is 0.24%.

The relationship among population size, dimensionality of prob-
lem, and number of generated vectors is visualized for 5<D <10
and 5 <D <1000 separately in Fig. 4. As it is demonstrated in Fig. 4a
and b, when the population size is small (i.e. Np < 10), the number
of generated vectors is far fewer than the standard population size
(i.e. Np~30). The problems dimensionality also has the same effect
on the algorithm performance, Fig. 4c. The very important point
is that for the small population sizes, dimensionality of the prob-
lem does not affect performance of the algorithm. Fig. 4a clearly
shows that for the small population sizes and different problem
dimensionalities much smaller number of vectors are generated,
comparing to the large population sizes. The micro-population
region of interest (ROI) means when micro-population algorithms
are in use, exploration ability of algorithm is limited to small num-
ber of generated vectors after crossover, regardless of problems’
dimensionality. Therefore, the micro-population algorithms have
almost similar performance for high-dimensional problems as for
low-dimensional problems. A wider view for higher dimensionali-
ties is presented in Fig. 4d-f.

5. Simulation results

In this section, performance of the proposed MDEVM algorithm
is compared with the MDE, MDESM, uJADE [36], self-adaptive
DE (SaDE) [87], and composite DE (CoDE) [88] algorithms. The
parameter setting and employed benchmark functions (i.e. CEC-
2013 testbed [23]) are described in the next subsection. Then, the
comprehensive experimental series are presented in details. The
algorithm is implemented in parallel using the multiprocessing
library of Python programming language, conducted on sharcnet.ca
clusters [86].

5.1. Benchmark functions and parameters setting

All the experiments are conducted on the CEC-2013 problems
[23]. It is comprised of 28 benchmark functions and an improved
version of CEC-2005 [24] counterpart with additional test functions
and modified formula in order to create the composite functions,
oscillations, and symmetric-breaking transforms. This testbed is
divided into three categories which are uni-modal functions (f; -f5),
multi-modal functions (fs—f>0), and composite functions (f21-f2g)
[23]. Parameters setting for all the experiments is presented in
Table 2 adapted from the literature [6,18,23], unless a change is
mentioned. The reported values are averaged for Ngy,, =30 inde-
pendent runs per function per algorithm to minimize the effect of
the stochastic nature of the algorithms on the reported results.

The mutation schemes presented by Eqs.(1)-(5) are the five
main schemes, which are used for Np > 5 in experiments [80,81]. For
the small size and very small size populations, we use the mutation
schemes based on their structure for different sizes of population
as demonstrated in Table 4.

5.2. Experimental series 1: mutation schemes and population size
analysis

Performance of the MDE, MDESM, and MDEVM schemes are
evaluated for mutation schemes in Table 4, population sizes Np ¢
{2,3,4,5,6,50},and dimension D = 50. The Wilcoxon test results are
reported in terms of pair-wise comparison in Table 5. The symbols
“+” “=" and “~" indicate a statistically better, equivalent, and worse
performance, respectively, compared with the MDEVM algorithm
[82].
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Fig. 4. Number of generated vectors after mutation and crossover stages for different population sizes Np and problem dimensions D. The micro-population has far fewer

number of possible vectors compared to the larger population size, which encourages la
micro-population region of interest (ROI) in figures (a) and (d) indicate the exploration p

The results in Table 5 demonstrate that for small popula-
tion size (i.e. Np<5), the MDEVM method has competitive or
better performance than other methods. This is particularly obvi-
ous for the “DE/best/1” and “DE/t2b/1” schemes with Np=2 and
“DE/best/1” scheme for Np=3. Regarding Np € 4, 5, we see that the

ck of proper exploration. This causes stagnation and pre-mature convergence. The
ower of micro-population algorithms is very limited.

MDEVM method has more successful results for the “DE/rand/1”,
“DE/best/1”, and “DE/t2b/1” schemes. However, as the diversity of
population is increasing by adding more number of individuals
to the population, the MDEVM method achieves less successful
results. This situation is obvious for Np=50 where a standard size
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Table 4
Mutant vector (MV) schemes for population sizes Np € {2, 3,4} and Np > 5.
Np MV Vi
2 DE/rand/1 X1 +F(Xi - Xz)
DE/best/1 Xpest + F(X1 — X2)
DE/t2b/1 Xi + F(Xpest — Xi)+ F(X1 — Xz)
3 DE/rand/1 Xq +F(X; — X3)
DE/best/1 Xpest + (X1 — X2)
DE/t2b/1 Xi + F(Xpest — Xi)+ F(X1 — X3)
4 DE/rand/1 Xi +FX2 - X3)
DE/best/1 Xpest + (X1 — X3)
DE/t2b/1 Xi + F(Xpest — Xi)+F(X1 — Xz)
DE/best/2 Xpest + F(X1 = X2 )+ F(X3 — Xa)
5< DE/rand/1 X1 +F(X; —X3)
DE/best/1 Xpest + F(X1 = Xz)
DE/t2b/1 X + FXpest — Xi)+ F(X1 — X2)
DE/best/2 Xpest + F(X1 — X2) + F(X3 — X4)
DE/rand/2 X1 +F(Xy — X3)+F(X4 —Xs)

of population is used and we see better performance of the MDE
and MDESM methods. The results clearly show that for the Np > 5,
the VRMF technique in MDEVM can add a good diversity to the
population which results in better performance than other meth-
ods. However, this diversity enhancement method has extra affect
on large population sizes, in a way that the population has more
than enough diversity and cannot converge to an optima, which is
the stagnation situation. The “DE/best/2” and “DE/rand/2” schemes
have more exploration capability due to incorporating more pop-
ulation individuals. Therefore, the VRMF technique adds extra
diversity into the population. This is another additive diversity
which stops the MDEVM method to converge to optimal solution(s).
The difference between DE and MDE algorithms is in population

Table 5

Number of Wilcoxon rank-sum test comparisons for MDEVM against MDM and
MDESM with population sizes Np € {2, 3, 4, 5, 6, 50} for dimension D=>50. If the
bold value is under “+” column, the MDEVM method has the highest overall perfor-
mance, otherwise, the corresponding method under the column header has the best
overall performance.

Np MV MDE MDESM
+ = - + = —
2 DE/rand/1 0 23 5 2 19 7
DE/best/1 14 11 3 15 9 4
DE/t2b/1 25 3 0 17 9 2
3 DE/rand/1 11 10 7 7 11 10
DE/best/1 24 4 0 20 5 3
DE/t2b/1 17 9 2 12 10 6
4 DE/rand/1 20 4 4 12 5 11
DE/best/1 21 7 0 19 5 4
DE/t2b/1 20 4 4 17 1 10
DE/best/2 2 3 23 0 4 24
5 DE/rand/1 19 2 7 12 8 8
DE/best/1 24 2 2 16 7 5
DE/t2b/1 19 2 7 15 4 9
DE/best/2 12 6 10 6 7 15
DE/rand/2 0 1 27 1 1 26
6 DE/rand/1 13 5 10 13 7 8
DE/best/1 21 3 4 18 6 4
DE/t2b/1 19 5 4 15 2 11
DE/best/2 11 5 12 4 17
DE/rand/2 1 1 26 1 2 25
50 DE/rand/1 1 2 25 1 3 24
DE/best/1 10 5 13 2 6 20
DE/t2b/1 0 3 25 0 4 24
DE/best/2 0 4 24 0 3 25
DE/rand/2 0 2 26 1 2 25

size which delivers diversity into the population. Combining the
VRMF technique with the DE algorithm consequences in extra
diversity which results in a poor performance of the algorithm.
The standalone DE-algorithm may result in a better performance,
but by the cost of more number of function calls. Therefore, uti-
lizing the MDE algorithm with small population sizes can deliver
higher diversity and performance into the algorithm. In overall, the
“DE/best/1”, “DE/rand/1”, and “DE/t2b/1” schemes have the best
performance among the various mutation schemes for MDEVM.

In Fig. 5, a summary of better performance counting of all
schemes is presented, where Np =5 has the highest number of suc-
cess for all mutation schemes on average. In order to have a closer
look, average of better, equal, and worse performance counting
for the MDEVM vs. MDE and MDEVM vs. MDESM comparisons are
presented in Fig. 6.

Regarding the average of better and equivalent performances
results as shown in Fig. 6a and b, it is clear that the “DE/best/1”
scheme has the most number of successes. In terms of worse per-
formance comparison, it is interesting that as the population size
increases, the number of worse performance counts, particularly
for the “DE/t2b/1”, “DE/best/2”,and “DE/rand/2” mutation schemes,
increase dramatically.

The best error value for each benchmark function family is illus-
trated in Fig. 7. The dash line separates the uni-modal, multi-modal,
and composite, benchmark functions types. For the uni-modal and
multi-modal functions, the VRMF method with the “DE/t2b/1”
mutation scheme and Np=6 has the best performance. For the
composite functions, the SRMF method with the “DE/t2b/1” muta-
tion scheme and Np=6 has the best performance. In overall, the
“DE/best/1” mutation scheme with population size of Np=5 is rec-
ommended as the well-performance scheme among the all. Further
analysis are conducted on “DE/best/1” scheme in deep, including
the popular scheme “DE/rand/1".

The best value so far of the MDE, MDESM, MDEVM, w]JADE,
SaDE, and CoDE algorithms for Np=5 and D=50 are presented
in Fig. 8. The method-r and method-b represents DE/rand/1 and
DE/best/1 mutation schemes, respectively. As an example, the SaDE
and MDEVM-r method have similar best so far values for f5. The
SaDE has converged earlier, while the MDEVM for both muta-
tion schemes converge in further generations. This shows how
the MDEVM method can gradually use its diversity enhancement
method to achieve better solutions. We can see the same situation
for fg. The MDEVM-T has the most best so far value at the early gen-
erations, but gradually converges to a similar best so far value as
SaDE, CoDE and MDEVM-b. Similar behaviour is observable for f;;
and fi,. The SaDE and iJADE have better best value so far values
than the MDEVM, butitlimited to some functions such as f;4 and f,3.
The important is behaviour of MDEVM in exploring the landscape
without using additive parameter or storage, just by randomizing
the mutation scale factor. Functions fi9 and f,q¢ are good examples
of MDEVM attempt to reach better solutions, when almost all other
methods are converged or stagnated.

5.3. Experimental series 2: dimensionality effect

In this subsection, performance of the proposed MDEVM is com-
pared with the MDE, MDESM, uJADE, SaDE, and CoDE algorithms
with “DE/rand/1” and “DE/best/1” mutation vector schemes for
dimension D € {10, 30, 50, 100}. Comprehensive results are in the
appendix (Tables 11-14). Summary of the Wilcoxon test results in
terms of pair-wise comparisons with respect to MDEVM is reported
in Table 6.

The results for micro-population size Np=5 clearly demon-
strate that the proposed MDEVM has outperformed the other
methods for different dimensions. The MDESM shows a better
performance than the MDE, which is due to the SRMF diversity



H. Salehinejad et al. / Applied Soft Computing 52 (2017) 812-833 821

30 T T T T
I DE/Rand/1 MDEVM/MDE
I DE/Rand/l MDEVM/MDESM
_ I DE/Best/l MDEVM/MDE

%0 [ DE/Best/l MDEVM/MDESM
= [ DE/T2B/1 MDEVM/MDE

§ B [ 1DE/T2B/1 MDEVM/MDESM
© 20 M _ _ | ] DE/Best/’2 MDEVM/MDE
i [ DE/Best/2 MDEVM/MDESM
‘J I DE/Rand/2 MDEVM/MDE

é M r| I DE/Rand/2 MDEVM/MDESM
=}
=

510 B
="

=

Q

3

(3

m

2 3 4

5 6 50

Population Size (NP)

Fig. 5. The better (+) performance counting for the MDEVM vs. MDE and MDEVM vs. MDESM comparison for different mutation schemes and populations sizes.

25 25 . - . 30 - - .
Il DE/Rand/1 0 Il DE/Rand/1
£ @ B DEBesv1 || £ || I DEMBesvi
220 g 20 CIDEm2B/1 || 5 ||[C_JDE/T2B/1
8 8 [ DE/Best/2 2 2 [ DE/Best/2 i
T1s Tis I DE/Rand/2 % B DE/Rand/2
N P 3
E g g
E10 E10 E
% <t 510
o -9
a [ 9
g’ 39 g
] g E
4 2 4 5 50 - - 2 4 5 6 50
Population Size (N,)) 2 3 popuﬁmon Sizd ™) o 0 Population Size (N,)
(a) Better (+) performance. (b) Equal (=) performance. (c) Worse (-) performance.

Fig. 6. Average performance of MDEVM vs. MDE and MDEVM vs. MDESM methods for different mutation schemes and populations sizes.

Uni-modal

Multi-modal Composite

1y
1A

6 I L T

T T T ll I\ r II I'\ II T T

DE/Rand/2

- Population Size
I Mutation Vector
[ | Mutation Factor

DE/Best/2

Vectorized | DE/T2B/1

Scalar | DE/Best/1

Static | DE/Rand/1

1 23 4 5 6 7 8 910111213 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

Benchmark Function

Fig. 7. Components of highest performance algorithm with respect to the best error for each benchmark function, and function families uni-modal (f;—f5), multi-modal

(fs=f19), and composite (f20-f2s)-

enhancement technique used in this scheme. Both “DE/rand/1”
and “DE/best/1” mutation schemes have competitive performances
over all dimensions and MDE schemes. As the dimensionality of
problems increases, the JADE, CoDE, and SaDE methods provide
competitive performance versus the MDEVM. Larger number of

equal performance than the number of success/failure show sim-
ilar performance over most of the functions. This shows that for
high-dimensional problems, the adaptive method along with a
small size of population can provide a good diversity. We can see
the same situation with the MDEVM, where the diversification of
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Table 6

Number of Wilcoxon rank-sum test comparisons for MDEVM (Np =5) vs. MDE (Np=5), MDESM (Np=5), uJADE (Np={5, 8}), SaDE (Np={5, 50}), and CoDE (Np = {5, 30}) for
dimension D € {10, 30, 50, 100}. The bold value represents the dominant performance result.

D MV MDE MDESM JADE SaDE CoDE JJADE SaDE CoDE

Np=5 Np=8 Np=50 Np=30
+ = - + = — + = - + = — + = - + = - + = - + = -

10 DE/Rand/1 23 3 2 12 13 20 8 0 16 12 0 19 8 1 23 3 2 15 3 10 15 4 9
DE/Best/1 26 0 2 24 3 1 18 10 0 13 15 0 17 10 1 23 3 2 12 4 12 11 4 13
30 DE/Rand/1 22 4 2 17 5 6 18 8 2 10 17 1 18 9 1 19 4 5 6 4 18 2 2 24
DE/Best/1 21 5 2 20 6 2 16 11 1 10 16 2 15 13 0 20 2 6 6 3 19 5 1 22
50 DE/Rand/1 19 2 7 12 8 8 16 10 2 14 13 1 16 12 0 17 4 7 7 3 18 4 1 23
DE/Best/1 24 2 2 16 7 5 12 15 1 8 17 3 13 14 1 13 7 8 4 6 18 3 2 23
100 DE/Rand/1 18 3 7 16 5 7 11 15 2 4 11 3 8 19 1 15 3 10 3 4 21 2 25
DE/Best/1 20 5 3 15 9 4 10 16 2 3 12 3 7 21 13 4 11 3 4 11 2 25

the mutation factor for decision variables can help the small size
population to increase its diversity, suitable for high-dimensional
problems.

The MDEVM is compared with the default versions of (JADE
(Np=38), SaDE (Np=50), and CoDE (Np=30) in Table 6. The MDEVM
with Np=>5 has more significant success number than the w]JADE
with Np=8. However, as the problem dimension increases, wJADE
shows a growing significant success, from two in D=10 to 10 in
D=100. The SaDE with Np=50 has many more significant success
than MDEVM with Np=5. Similar trend is obvious for CaDE with
Np=30, such that as the problem dimension increases (need for
more diversity), the CaDE with Np=30 achieves more significant
success. Comparing to the SaDE with Np=5 and CaDE with Np =30,
such performance is due to added diversity to the population by
adding more individuals and of course, forcing more computational
cost.

5.4. Experimental series 3: range of mutation factor analysis

The most common mutation factor in the literature is F=0.5,
selected from the recommended range F € [0, 2] [81]. Recently,
different values for F and its range have been proposed, such as
F=0.7 in [4] and F € [0.1, 1.5] in [6]. Some experiments are con-
ducted in this subsection to analyse affect of mutation factor range
on the performance of the MDESM and MDEVM. The best error,
standard deviation, and Wilcoxon rank-sum test results by consid-
ering Np=5, D=30, mutation vector schemes “DE/rand/1” and
“DE/best/1”, and the MDESM and MDEVM as reference methods
are presented in Table 7. The mutation factor ranges are considered
as F € [0, 2] and F € [0, 2] for MDESM and MDEVM, respectively.
The MDESM|g ) has competitive performance with MDESM[q 1 1 5}
However, the MDEVM|qg 1,1 5] has outperformed the MDESMq »; due
to the delivered diversity by the VRMF into the MDEVM|q 11 5}-
The results of comparing MDEVM|q 5 with the MDESMq 1 1 5; and
MDEVM]|g1,15) demonstrate that selecting F in the interval [0,
2] has a better performance than the limited interval [0.1, 1.5].
The comparison between the MDEVM|q ;; and MDEVM] 1 1 57 also
shows almost equal performance. Overall, better performance of
the MDEVM]|q ,; method is obvious, since the it has diversity served
from both VRMF and wider mutation scale factor interval [0, 2].

Performance of MDEVM for two different mutation scale fac-
tor intervals is studied. We have considered different problem
types and dimensionalities and have reported the results based
on Wilcoxon rank-sum test and considering MDEVM with F € [0.1,
1.5] as reference method. The results in Table 8 show that the range
F € [0.1, 1.5] is more suitable for composite functions. This is while
for multi-modal and uni-modal problems the F ¢ [0, 2] performs
better. From the problem dimension view point, as the prob-
lem dimensionality increases, the F € [0, 2] approach has better

performance, which is due to the provided diversity in mutation
vector generation.

5.5. Experimental series 4: population’s diversity analysis

The VRMF technique can empower MDE to escape trapping in
local optima and decrease the stagnation risk. In order to analyze
the effect of randomization of mutation factor on the population
diversity, by considering the centroid diversity measure and perfor-
mance of the MDE algorithm, the best-value-so-far and population
diversity plots of the MDE, MDESM, and MDEVM for compos-
ite functions f,g to fy are presented in Fig. 9. The simulations
are conducted for dimension D =100, population size Np=5, and
“DE/rand/1” and “DE/best/1”. Conductive to have a better sense
of analysis, the maximum number of function calls is considered
NFCpjax = 5000D.

The MDEVM method for the mutation scheme “DE/rand/1” has
the best performance for the function f,9 as shown in Fig. 9a,
denoted by “B”. The population diversities in Fig. 9d and for the
“DE/best/1” mutation scheme in Fig. 9j, clearly show that while the
MDE and MDESM are stagnated, due to almost static large value
of centroid diversity value, the MDEVM for the “DE/rand/1” has
escaped the stagnation, denoted by region “A”, while trying to con-
verge in generations denoted by region “B”. When the diversity is
high, and the performance of algorithm in finding the solution is
almost static with respect to the best-value-so-far measure, the
population is considered stagnated. For situation of trapping in a
local minimum, the population is not divert and the diversity is
low, while having a poor best-value-so-far performance.

For the f5; case, the MDEVM method using the “DE/rand/1” and
“DE/best/1” schemes has the best performance, as shown in Fig. 9b
and h. The MDE algorithm is trapped in local minimum for both
mutation schemes, while the MDESM method has better capabil-
ity to escape from both stagnation and local optimum trapping,
denoted by region “C” in Fig. 9e and k. The MDEVM has the best
best-value-so-far for both mutation schemes. For the “DE/rand/1”
mutation scheme, the population’s diversity shows a similar con-
vergence trend to the MDESM method, but has achieved a much
better best-value-so-far at the beginning generations (i.e., explo-
ration phase) and then trapped in the local minimum, as denoted
in region “C” of Fig. 9b. The same performance is obvious for
the “DE/best/1” mutation scheme as shown in Fig. 9h, where in
region “A” it is converged to a solution. The corresponding diver-
sity measure is well-illustrated in Fig. 9k. In region “A”, which is
the exploration phase, the population’s diversity is decreased and
it is converged, as shown in region “B”. In “D”, it has trapped but
recovered fast to the same level as region “B”.

The exploring ability of VRMF is well illustrated for the bench-
mark function f5; in Fig. 9c and i. In Fig. 9c, it is clear that the VRMF
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Table 7
Performance results of the MDESM and MDEVM for mutation scale factor interval of [0, 2] and [0.1, 1.5] with Np=5 and D=30.
Method MV MDESMg 1.1 5] MDEVMg 1 1 5]
+ = — + = —
MDESMg 2; DE/rand/1 14 12 2 6 7 15
DE/best/1 14 14 0 7 9 12
MDEVMo DE/rand/1 19 5 4 6 9 13
DE/best/1 19 6 3 19 3
Table 8

Performance comparison between MDEVM with F € [0.1, 1.5] and MDEVM with F € [0, 2] for uni-modal(f; -fs ), multi-modal(fs—f20), and composite (f>1—f>s) functions for

D e {10, 30, 50, 100}.

F D
10 30 50 100
+ = — + = — + = — + = —
fifs 3 0 2 1 1 3 1 1 3 1 0 4
fo=fa0 7 1 8 2 5 9 1 4 11 3 4 9
fo1-fas 4 1 2 3 3 1 3 2 2 2 3 2
Total 14 2 12 6 9 13 5 7 16 6 7 15

technique has escaped the DE-algorithm from stagnation (denoted
by “A”) approximately at NFC=3 x10° and with a sudden move-
ment, as denoted by region “B”, it has reached a better performance
than the other methods in region “C”. This is clearly shown in Fig. 9f,
that the MDEVM algorithm is rescued from stagnation (region “A”)
and gradually converging as shown in regions “B” and “C”. This is
while the MDE algorithm is completely trapped in a local mini-
mum, since its best-value-so-far remains constant for all NFCs and
the population diversity is extremely low for all generations, i.e.
almost 1e—28 in Fig. 9.f. The MDESM has tried to converge (part
“D” of Fig. 9f) to the solution as presented in part “E” of Fig. 9c.
However, its exploration is stopped as shown in parts “E” and “E”
of the Fig. 9c and f, respectively, and no further improvements are
achieved. For the “DE/best/1” mutation scheme, the MDE is trapped
in a local minimum similar to the “DE/best/1” mutation scheme,
as shown in Fig. 9i and I. The MDESM has achieved better perfor-
mance by converging its population toward a solution as denoted
by regions “C” and “A” in Fig. 9i and |, respectively. In further gener-
ations, although it has spent some time in generations denoted by
region “B” in Fig. 91 to find a better solution, but it has been trapped
finally in a local minimum as illustrated in part “C” of the Fig. 91. The
MDEVM has experienced the similar trend as the MDESM (regions
“A”, “D”, and “E” for centroid diversity in Fig. 91), but with better
performance from region “A” toward region “B” of Fig. 9i.

The centroid-based diversity measure along the best-so-far-
value analysis clearly have demonstrated performance of the MDE,
MDESM, and MDEVM algorithms in stagnation and local optimum
trapping scenarios. The results clearly indicate a successful per-
formance of the VRM approach in delivering diversity into the
population. Particularly that after some generations where the
algorithm s trapped in local optimum or stagnated, it is rescued and
moved toward better solutions, while the other algorithms could
not survive.

5.6. Experimental series 5: comparison of solution accuracy with
higher number of function calls

In this subsection we compare performance of the MDE,
MDESM, uJADE, SaDE, CoDE, and the MDEVM for a higher num-
ber of function calls, i. e. NFCyq=5000D, than the previous
experiments. The algorithms are compared to solve the set of
benchmark functions for D=30 and Np=5. Summary of the-best-
so-far value and Wilcoxon rank-sum results by considering the
MDEVM as the reference algorithm is presented in Table 9. The

comparison of number of “better”, “equal”, and “worse” perfor-
mance results for NFCyqx =5000D and NFCpqy = 1000D presented
in Table 6 are shown using the arrows. The upward arrow demon-
strates the difference between count of problems that are solved
using the NFCpjqx =5000D compared to the NFCyqx =1000D. The
results demonstrate that by allowing more number of function
calls, the MDEVM algorithm could obtain better performance com-
paring to MDE and MDESM. As an example for “DE/best/1”, the
MDEVM could solve four more problems comparing to the MDE, i.
e.anincrease from 21 to 25, Table 9. The MDE could also increase its
count by one versus MDEVM. In case of MDEVM versus the MDESM,
the MDEVM has achieved two more “better” records, from 20 to 22,
and two less failure from 2 to zero. For the “DE/rand/1” mutation
scheme, the MDEVM has one more success than both the MDE and
MDESM algorithms.

Best value so far of the MDE, MDESM, uJADE, SaDE, CoDE, and
MDEVM methods for the “DE/rand/1” and “DE/best/1” mutation
schemes and the composite functions f5¢ to f,7 with D=30 and
NFCpax =5000D are visualized in Fig. 10. The performance results
show that by providing more number of function calls to the algo-
rithm, we have more success in exploring the f,g and f,3 functions.
For f59, the SaDE is already closer to the global solution, how-
ever, approximately after the NFC=7000, it has a fall to a better
solution. The same situation is observable for the MDESM with
“DE/best/1” mutation scheme, but at NFC=6, 000. For f,3, we see
a mild converges progress in all algorithms. The MDEVM method
with “DE/rand/1” and “DE/best/1” mutation schemes show more
alternations in the best value so far, due to its exploration capabil-
ity. We can conclude that more number of function calls provide
more opportunity to explore the problem landscape; however, the
performance increase is not significant.

Table 9

Summary of Wilcoxon rank-sum test comparisons for MDEVM against MDE and
MDESM with Np=5, D=30, and NFCyq =5000D. The number next to the upward
arrows present additional number of success comparing with the NFCpqx = 1000D
and the downward arrow represents the vice-versa. The <> represents no change.

MV MDE MDESM
+ = — + = —

DE/rand/1 2311 311 20 1811 41 6 <0

DE/best/1 2514 213 111 2212 6 <0 0142
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Fig. 9. Performance comparison and population centroid-based distance diversity analysis among the MDE, MDESM, and MDEVM for the maximum number of function calls
NFCpax =5000D, dimension D =100, population size Np =5, and DE/rand/1 and DE/best/1 mutation schemes.

5.7. Experimental Series 6: population-based parallel model
analysis

The average CPU time for the population-based parallel model
in Fig. 3 is presented in Table 10. The population size is Np=5
and D={10, 100, 1000}. The results are average of 30 indepen-
dent experiments on Intel Core i7-5930K Haswell-E 6-Core 3.5 GHz
CPUs with 64 GB of RAM. The results show that the CPU times
are totally competitive. The non-parallel implementation has a
record of 7.03E—03 s, while the parallel implementation record is
1.41E-02 seconds for D=10. As the dimensionality increases, we
observe the gap between timing of both methods shrinks, such that

Table 10
Average CPU time for objective function evaluation. The results are averaged over 30

independent runs for D={10, 100, 1000}, Np =5, and over all under study objective
functions.

Mode D

10 100 1000
Parallel 1.41E-02 1.16E-01 6.91E+00
Non-Parallel 7.03E-03 1.13E-01 6.98E+00
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Fig. 10. Performance comparison among the MDE, MDESM, MDEVM, pJADE, SaDE, and CoDE for maximum number of function calls NFCyqx =5000D, D=30, Np=5, and
DE/rand/1 (denoted as method-r) and DE/best/1 (denoted as method-b) mutation schemes.

for D=1000, the parallel and non-parallel timing is 6.91E+00s and
6.98E+00 s, respectively. It is expected that as the population size
and dimensionality increases, the parallel mode runs faster than
the non-parallel mode.

6. Conclusion and future work

Our proposed method is an enhanced version of the micro-
differential evolution (MDE) based on the important capability of
the mutation factor to increase diversity of the population, i.e.
the MDE using vectorized random mutation factor (MDEVM) algo-
rithm. In contrast to the standard MDE, the mutation factor is
selected randomly for each decision variable of each individual in
the population. In this case, the population can provide much higher
diversity during the search process. We have conducted exper-
iments for different schemes of the mutation factor. The results
demonstrate capability of the proposed MDEVM method in solving
complex optimization problems with very small population size.
The MDEVM has competitive performance compared with state of
the art such as uJADE, SaDE, and CoDE. Experiments demonstrate
the exploration ability of MDEVM through generation, while other

methods are stagnated or trapped in a local solution. The popula-
tion distributed version of the model is also proposed, which the
parallelization can occur at either objective function evaluation,
mutation vector generation or both. The results show that for small
size population, parallelization at either of the steps accelerates the
CPU time; however, parallelization at both steps takes more CPU
time than serial execution. Our study about allowable maximum
number of function calls show that it provides more opportunity to
explore the problem landscape; however, it does not increase the
performance significantly.

The results show beneficial diversity enhancement for DE algo-
rithm with small population size for different type of problems such
as Quadratic ill-conditioned, Asymmetrical, and Non-continuous.
It is interesting to further investigate diversity enhancement for
other type of problems, such as ill-conditioned non-quadratic func-
tions, in further works. The results also show some DE operations
such as DE/rand/1 and DE/Best/1 mutation schemes are beneficial,
while some other DE operators show detrimental behaviour. Fur-
ther investigation on this topic is necessary. The MDEVM can be
implemented on embedded system for remote and mobile appli-
cations.



Appendix A.
Table 11
Best error (Best), standard deviation (Std), and Wilcoxon rank-sum (W) test for MDEVM (Np =5) vs. MDE (Np=5), MDESM (Np =5), #JADE (Np = {5, 8}), SaDE (Np = {5, 50}), and CoDE (Np = {5, 30}) for dimension D=10.
f MV MDEVM MDE MDESM 1JADE SaDE CoDE JJADE SaDE CoDE
Np=5 Np=8 Np=50 Np=30
Best Std Best Std w Best Std w Best Std w Best Std w Best Std w Best Std w Best Std w Best Std w
1 DE/rand/1 4.78E-01 1.83E+03  2.02E+03  8.44E+03 + 4.95E-02 3.05E+03 =  3.15E+03 1.15E+03 + 248E+01 6.79E+01 + 1.54E+01 4.05E+01 +  4.82E+03 1.51E+03 + 9.17E-08 3.72E-08 - 9.10E-04 6.39E-04 —
DE/best/l ~ 5.01E-09 290E-07 2.86E+03 6.03E+03 + 2.28E-03 245E+03 + + + + + + +
2 DEfrand/1 5.76E+05 6.48E+06 250E+06 623E+07 + 221E+05 3.79E+06 = 8.89E+06 7.84E+06 + 5.11E+06 3.55E+06 + 247E+06 1.99E+06 +  4.04E+06 9.81E+05 + 1.12E+05 2.21E+05 252E+04  3.13E+04  —
DE/best/1 ~ 1.13E+05 143E+06 7.76E+06 1.37E+08 + 1.73E+06 1.16E+07 + + + + + = -
3 DE/rand/1 8.70E+07 G6.56E+09 6.12E+09 3.18E+13 +  4.49E+07 334E+10 = 397E+09 7.14E+09 + 3.47E+09 3.89E+09 +  2.18E+09 3.47E+09 +  253E+09 3.83E+09 + 7.87E+05 6.76E+05 - 131E+07 133E+07 -
DE/best/l 9.93E+06 534E+09 941E+09 3.75E+17 + 3.30E+08 1.84E+16 + + + + - +
4 DEfrand/1 2.09E+04 1.29E+05 1.59E+04 432E+04 —  434E+03 5.68E+04 -  2.15E+04 9.85E+03 = 217E+04 9.74E+03 = 1.92E+04 1.03E+04 = 272E+04 123E+04 + 122E+03 933E+02 - 1.77E+02 175E+02 —
DE/best/T  9.06E+03  1.75E+05 1.18E+04 4.15E+04 + 1.00E+04  4.15E+04 + + + + + - -
5 DE/rand/1 1.34E+00 7.28E+03  5.14E+02  1.00E+04 + 1.58E+01  2.17E+04 8.25E+02 8.74E+02 + 5.17E+00 8.23E+00 +  2.02E+02 4.83E+02 + 5.08E+02 5.84E+02 + 3.17E-05 2.49E-05 - 9.85E-03 5.99E-03 —
DE/best/1  835E-09 3.48E-01 545E+02 2.37E+04 + 5.93E+01 1.58E+04 + + + + + + +
6 DE/rand/1 9.11E-04 5.89E+01 2.68E+02 6.73E+02 +  4.33E+00 8.13E+01 = 2.36E+02 1.53E+02 + 5.47E+01 3.53E+01 + 5.88E+01 5.36E+01 + 2.26E+02 1.17E+02 + 3.62E+00 4.12E+00 + 5.64E+00 4.49E+00 +
DE/best/1  5.14E-02 3.37E+01  2.20E+02  1.40E+03 + 241E+00 2.73E+02 + + + + + + +
7 DE/rand/1  1.70E+01  5.30E+01 5.44E+01 6.34E+05 + 6.21E+01  1.63E+02 + 6.28E+01 4.40E+01 + 5.72E+01 3.07E+01 +  9.74E+01 5.52E+01 +  4.21E+01 1.28E+01 + 8.48E+00 5.19E+00 —  1.43E+01 6.49E+00 —
DE/best/1 ~ 7.92E+01 1.34E+02 6.91E+01 1.67E+06 —  1.10E+02 1.51E+04 + = = = - - -
8 DE/rand/1 2.02E+01 1.20E-01 2.03E+01 2.02E-01 + 2.03E+01 8.27E-02 = 2.05E+01 6.74E-02 = 2.05E+01 1.09E-01 = 2.08E+01 1.47E-01 = 2.05E+01 9.01E-02 = 2.05E+01 9.66E-02 = 2.05E+01 1.05E-01 =
DE/best/1  2.02E+01  1.21E-01 2.04E+01 1.98E-01 + 2.03E+01 9.40E-02 = = = = = = =
9 DE/rand/1 3.55E+00 1.81E+00 5.66E+00  1.74E+00 = 7.20E+00  1.03E+00 6.08E+00 1.30E+00 + 8.79E+00 9.88E-01 + 8.79E+00 1.72E+00 + 6.50E+00 8.95E-01 + 7.38E+00 8.73E-01 + 5.92E+00 1.44E+00 +
DE/best/1  5.15E+00 1.87E+00 8.35E+00 1.61E+00 + 8.39E+00  1.45E+00 + = + + + + +
10 DEfrand/1 1.15E+01 1.01E+02 135E+02 593E+02 +  1.03E+01 156E+02 = 295E+02 1.72E+02 + 558E+01 5.39E+01 +  3.85E+01 3.56E+01 +  2.72E+02 6.92E+01 + 486E-01 179E-01 - 881E-01 131E-01 -
DE/best/1  2.14E+00 3.14E+01 2.14E+02 1.10E+03 +  2.15E+01 1.36E+02 + + + + + - -
11 DEfrand/1 1.19E+01 451E+01 555E+01 8.78E+01 +  3.78E+01 8.18E+01 + 849E+01 9.32E+01 +  3.60E+01 3.83E+01 + 244E+01 1.36E+01 + G6.50E+01 229E+01 +  932E+00 1.85E+00 -  2.78E+00 140E+00 —
DE/best/1 ~ 2.19E+01 6.22E+01  7.23E+01 1.04E+02 +  4.55E+01 1.04E+02 + + - = + - -
12 DEjrand/1 1.18E+01 557E+01 7.48E+01 8.44E+01 + 3.92E+01 532E+01 + 8.13E+01 120E+01 + 392E+01 1.56E+01 = G6.04E+01 327E+01 + 7.15E+01 2.82E+01 + 3.15E+01 5.53E+00 + 3.00E+01 8.29E+00 +
DE/best/T ~ 1.39E+01  7.02E+01 6.62E+01  1.07E+02 + 5.40E+01  8.90E+01 + + = = + + +
13 DEfrand/1 1.71E+01 4.58E+01 8.66E+01  7.03E+01 + 6.09E+01  6.01E+01 +  9.58E+01 2.58E+01 + 7.27E+01 1.89E+01 +  9.46E+01 5.76E+01 + 7.56E+01 4.78E+00 + 3.18E+01  6.52E+00 + 3.53E+01 9.80E+00 +
DE/best/1  5.92E+01 6.68E+01 8.76E+01  1.14E+02 + 7.90E+01  9.00E+01 + + + + - -
14 DEfrand/1 1.05E+02 3.08E+02  7.73E+02 5.11E+02 + 3.58E+02 3.67E+02 + 1.79E+02  1.42E+02 + 2.83E+02 2.93E+02 + 7.02E+02  2.36E+02 + 1.96E+02 1.36E+02 +  4.56E+02 1.38E+02 + 1.40E+02  6.30E+01  +
DE/best/1  1.43E+02  3.72E+02  1.19E+03  3.78E+02 + 6.75E+02  3.09E+02  + = = + + + =
15 DEfrand/1 7.99E+02  3.85E+02  8.24E+02 4.77E+02 + 5.20E+02 3.68E+02 —  7.76E+02 2.85E+02 = 1.01E+03  2.99E+02 + 1.83E+03  6.07E+02  + 7.69E+02 2.98E+02 = 1.57E+03  1.57E+02 + 1.47E+03  2.63E+02 +
DE/best/1  5.01E+02  5.72E+02  1.62E+03  3.85E+02 + 8.12E+02  3.84E+02 + + + + + + +
16 DEjrand/1 6.64E-01 3.85E-01 1.50E+00 6.36E-01 + 3.26E-01 5.08E-01 = 1.47E+00 2.65E-01 + 1.43E+00 4.87E-01 +  3.24E+00 9.13E-01 + 1.56E+00 3.17E-01 + 1.64E+00  3.83E-01 + 1.57E+00  3.10E-01 +
DE/best/T ~ 1.07E+00 2.75E-01 8.47E-01 1.52E+00 — 5.90E-01 4.26E-01 — = = = + + +
17 DE/rand/1 2.13E+01 5.78E+01 4.83E+01 1.20E+02 +  4.21E+01 1.00E+02 + 5.80E+01 1.72E+01 + 3.42E+01 2.93E+01 = 6.55E+01 4.00E+01 + 4.62E+01 1.07E+01 + 2.39E+01  3.00E+00 + 1.62E+01  2.09E+00 —
DE/best/1 ~ 2.78E+01  6.53E+01  7.32E+01 1.38E+02 +  4.93E+01 1.31E+02 + + = + + -
18 DEfrand/1 4.61E+01 9.11E+01 1.14E+02 8.28E+01 +  4.81E+01 7.64E+01 + 1.22E+02 5.11E+01  + 5.55E+01 2.49E+01 =  9.34E+01 3.19E+01 -~  7.65E+01 3.33E+01 +  4.76E+01 5.07E+00 = 5.53E+01  5.65E+00 +
DE/best/1 ~ 3.93E+01 9.19E+01 1.69E+02 1.07E+02 + 9.87E+01 1.18E+02 + + = - + + +
19 DEjrand/1 1.10E+00 1.02E+04 8.07E+02 5.02E+05 + 1.92E+01 1.16E+04 + 7.18E+03 O.61E+03 + 520E+00 3.74E+00 + G6.58E+02 184E+03 + 158E+03 1.03E+03 + 1.87E+00 3.10E-01 + 1.81E+00 3.80E-01 +
DE/best/1  6.10E-01 1.98E+02 7.88E+02 5.00E+05 +  6.36E+01 3.13E+05 + + + + + + +
20 DEfrand/1 4.05E+00 2.62E-01 3.80E+00 3.92E-01 = 4.06E+00 2.13E-01 + 3.71E+00 6.52E-01 = 3.59E+00 4.20E-01 = 4.03E+00 4.62E-01 = 3.71E+00 692E-01 — 349E+00 190E-01 - 3.64E+00 1.95E-01
DE/best/1  3.51E+00 3.52E-01 3.80E+00 2.53E-01 +  3.70E+00 3.14E-01 + - = = + - -
21 DEfrand/1 3.04E+02 4.74E+01 531E+02 269E+02 + 222E+02 1.38E+02 =  4.83E+02 3.94E+01 4.02E+02 2.58E+00 =  3.56E+02 7.77E+01 =  476E+02 2.90E+01 + 4.00E+02 3.58E-08 + 3.11E+02 1.16E+02
DE/best/T ~ 1.00E+02  6.27E+01  5.42E+02 2.67E+02 + 1.13E+02  9.08E+01  + + = = + + +
22 DEfrand/1 223E+02 4.99E+02 9.11E+02 4.42E+02 + 6.71E+02 3.59E+02 + 3.40E+02 2.73E+02 353E+02 149E+02 =  1.02E+03 4.77E+02 =  240E+02 1.86E+02 + 6.81E+02 134E+02 + 3.85E+02 1.37E+02 +
DE/best/1 ~ 4.20E+02  2.70E+02  1.57E+03  4.03E+02 + 7.38E+02  4.02E+02 + = = = - + -
23  DEfrand/1 823E+02 4.63E+02 9.22E+02 5.33E+02 + 9.04E+02  4.41E+02 + 1.43E+03  2.44E+02 + 1.45E+03  5.09E+02  + 1.62E+03  8.54E+02 + 1.34E+03  1.65E+02 + 1.80E+03  2.34E+02 + 1.58E+03  2.52E+02 +
DE/best/1 ~ 7.65E+02  5.20E+02 2.06E+03  3.39E+02 + 1.22E+03  4.87E+02 + + + + + +
24 DEfrand/1 2.10E+02 4.78E+00 2.19E+02  6.04E+00 + 2.17E+02  4.45E+00 2.17E+02  2.49E+01 = 2.12E+02  3.12E+01 = 2.23E+02 9.36E+00 = 2.21E+02 4.23E+00 + 2.01E+02  1.46E+01 2.07E+02  1.47E+01 =
DE/best/1T ~ 1.58E+02  1.28E+01 2.21E+02 4.32E+01 + 221E+02 4.18E+00 + + + + + +
25 DEfrand/1 2.20E+02 2.22E+00 2.18E+02 4.38E+00 —  2.17E+02  4.02E+00 2.24E+02 4.48E+00 = 2.12E+02 2.62E+01 = 2.22E+02 6.07E+00 = 2.18E+02 4.57E+00 = 2.04E+02  5.19E+00 —  2.12E+02 4.95E+00 =
DE/best/1  2.17E+02  243E+00 2.23E+02 4.17E+00 + 220E+02  4.76E+00 = = = = - =
26 DEfrand/1 2.00E+02 5.76E+01 1.73E+02 6.43E+01 = 1.78E+02  5.05E+01 2.08E+02 4.80E+01 = 1.83E+02 5.69E+01 = 1.93E+02  7.45E+01 = 1.53E+02 2.79E+01 —  1.40E+02 1.66E+01 —  1.63E+02 3.28E+01
DE/best/1  1.54E+02  7.71E+01  2.04E+02  1.04E+02 + 2.00E+02  4.49E+01 + = = = = - +
27 DEfrand/1 4.29E+02 4.48E+01 5.41E+02 2.30E+02 +  4.09E+02 2.15E+02 = 5.31E+02 9.93E+01 +  4.95E+02 1.10E+02 = 5.89E+02 1.04E+02 +  4.59E+02 8.34E+01 +  3.09E+02 5.73E+00 -  3.71E+02 6.10E+01 —
DE/best/1 ~ 4.00E+02 4.48E+01 5.75E+02 2.31E+02 +  491E+02 8.40E+01 + + = + + -
28 DE/rand/1 3.10E+02 2.28E+02 7.02E+02 4.30E+02 +  4.12E+02 3.03E+02 +  852E+02 9.79E+01 +  7.22E+02 176E+02 +  7.74E+02 2.02E+02 +  7.96E+02 7.44E+01 + 3.00E+02 2.86E-02 = 292E+02 450E+01 —
DE/best/1  1.00E+02  4.63E+02 9.18E+02 3.68E+02 + 7.97E+02 4.04E+02 + + + + + +
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Table 12
Best error (Best), standard deviation (Std), and Wilcoxon rank-sum (W) test for MDEVM (Np =5) vs. MDE (Np =5), MDESM (Np =5), uJADE (Np = {5, 8}), SaDE (Np={5, 50}), and CoDE (Np = {5, 30}) for dimension D=30.

f MV MDEVM MDE MDESM JJADE SaDE CoDE JADE SaDE CoDE
Np=5 Np=8 Np=50 Np=30
Best Std Best Std W Best Std \ Best Std W Best Std w Best Std w Best Std W Best Std w Best Std w
1 DE/rand/1 4.51E+00  4.02E+03  4.33E+04 1.62E+04 + 6.64E+02  5.48E+03  + 3.30E+04 1.07E+04 + 7.21E+02 9.62E+02  + 3.47E+03 5.01E+03 + 2.72E+04 6.36E+03  + 9.54E-09 7.78E-10 - 1.03E-04 9.31E-05 —
DE/best/1  6.29E-04 2.13E+03 5.91E+04 1.88E+04 + 2.15E+03  1.04E+04 + + + + + - -
2 DE/rand/1 1.29E+07  2.46E+07 2.69E+08 7.63E+08 + 2.17E+07 4.76E+07 + 1.44E+08 1.66E+08  + 3.97E+07 1.49E+07 +  4.45E+07 3.66E+07 + 3.58E+07 6.60E+06  + 6.64E+06  3.04E+06 4.09E+06  2.20E+06  —
DE/best/1  6.33E+06  2.84E+07  5.93E+08 1.07E+09 + 2.33E+07 1.22E+08 + + + + + = -
3 DE/rand/1 2.06E+10 6.46E+10 1.42E+11 2.35E+21 + 1.37E+10 527E+10 = 5.17E+16  1.42E+17 + 3.89E+10 2.05E+10 + 3.40E+10 1.30E+10 + 3.00E+10  1.44E+10 + 1.80E+08  2.14E+08 — 8.47E+07  7.24E+07 —
DE/best/1  4.42E+09 1.42E+12 3.70E+12 3.61E+21 + 2.78E+10 1.51E+12 + + + + + — —
4 DE/rand/1 6.94E+04 2.73E+05 7.42E+04 7.24E+04 = 2.45E+04 4.31E+04 — 7.96E+04 4.90E+04 + 9.19E+04 2.68E+04 + 8.49E+04 2.09E+04 + 5.87E+04 9.61E+03  — 2.92E+04 5.43E+03 — 1.16E+04  3.70E+03  —
DE/best/1 3.61E+04 3.92E+05 6.03E+04 8.00E+04 = 3.76E+04 1.72E+05 + + + + + - -
5 DE/rand/1 2.81E+02 2.60E+04 1.31E+04 3.96E+04 + 1.07E+03  2.99E+04 = 2.46E+04 2.90E+04 + 2.74E+02 3.57E+02 = 2.27E+03 2.86E+03 + 7.03E+03  4.48E+03 + 7.72E-04 141E-03 - 2.81E-03 1.25E-03 -
DE/best/T  1.17E-01 1.09E+03  2.12E+04 5.30E+04 + 1.40E+03  4.66E+04 + + + + + -
6 DEfrand/1 5.91E+01 1.31E+02 6.56E+03 5.66E+03  + 7.45E+01 3.64E+02 + 6.02E+03  3.34E+03  + 1.66E+02  4.25E+01  + 231E+02 1.13E+02 + 3.10E+03  3.34E+03  + 6.17E+01  231E+01 = 3.31E+01 1.81E+01 —
DE/best/1T  2.38E+01  3.94E+02  7.66E+03 6.57E+03 + 3.12E+02  1.76E+03  + + + + + + +
7 DE/rand/1  2.00E+02  2.16E+03  1.20E+03 7.09E+07  + 2.30E+02 5.01E+05 + 2.76E+04 5.50E+04 + 3.42E+03 5.80E+03  + 8.67E+03  1.43E+04 + 1.62E+03  2.09E+03  + 5.17E+01  2.03E+01 -  430E+01 1.52E+01 —
DE/best/T  1.90E+02  1.27E+05 6.76E+04 9.31E+07 + 3.75E+02  1.40E+07 + + + + + - -
8 DE/rand/1  2.09E+01 4.30E-02 2.09E+01 6.22E-02 = 2.08E+01 6.63E-02 —  2.10E+01 5.76E-02 = 2.11E+01 5.76E-02 = 2.12E+01 1.06E-01 = 2.10E+01  9.02E-02 = 2.11E+01  4.24E-02 = 2.11E+01 4.07E-02 =
DE/best/1 ~ 2.09E+01 4.46E—02 2.09E+01 7.99E-02 = 2.10E+01 4.24E-02 = = = = = = =
9 DE/rand/1 3.21E+01  2.08E+00  3.30E+01 2.89E+00 3.49E+01 2.00E+00 = 3.59E+01 1.82E+00 = 3.68E+01  2.22E+00 = 3.61E+01 2.72E+00 = 3.20E+01 3.53E+00 = 3.56E+01  1.36E+00 + 2.40E+01  6.42E+00 —
DE/best/1T  3.88E+01  1.21E+00 3.69E+01 2.73E+00 —  3.66E+01 236E+00 = = = = - - -
10 DE/rand/1 6.80E+01 247E+02 5.02E+03 3.26E+03 + 2.05E+02 5.62E+02 + 3.88E+03  2.80E+03 + 1.78E+02  1.12E+02 + 4.62E+02 2.66E+02 + 2.36E+03  1.13E+03  + 5.60E+00  3.16E+00 —  1.43E+00 2.75E-01 —
DE/best/1  1.49E+01 1.47E+02 5.26E+03 4.42E+03 + 4.90E+02 8.66E+02  + + + + + - -
11 DEfrand/1 1.98E+02 2.19E+02 5.79E+02 3.58E+02 + 2.95E+02 2.42E+02 + 5.65E+02  2.83E+02 + 2.20E+02  7.64E+01 4.91E+02  1.73E+02  + 3.88E+02 2.67E+02 + 298E+01 5.00E+00 —  3.28E+01 5.61E+00 —
DE/best/1  2.67E+02  2.85E+02 9.06E+02 3.12E+02 + 4.10E+02  4.37E+02 + + = + + — —
12 DE/rand/1 1.97E+02 1.61E+02 4.23E+02 2.90E+02 + 3.68E+02 2.78E+02 + 6.55E+02  2.48E+02 + 3.85E+02  1.24E+02 + 6.03E+02  2.38E+02  + 5.28E+02  5.64E+01 + 1.64E+02  1.91E+01 - 1.07E+02  5.43E+01 -
DE/best/1 3.81E+02  2.29E+02 6.39E+02 3.59E+02 + 5.65E+02 2.57E+02 + + = + + — —
13 DE/rand/1 2.87E+02 1.52E+02 6.27E+02 3.03E+02 + 5.65E+02 2.99E+02 + 8.43E+02 2.80E+02 + 467E+02 1.38E+02 + 5.73E+02  1.32E+02 + 5.66E+02  9.80E+01 + 1.90E+02  1.68E+01 - 1.72E+02  3.71E+01 -
DE/best/1  4.62E+02  1.73E+02  8.42E+02 3.20E+02 + 8.22E+02 2.90E+02 + + = = + — —
14 DEjrand/1 1.73E+03  1.25E+03  5.62E+03 6.94E+02 + 3.03E+03  8.82E+02 + 1.18E+03  4.99E+02 = 1.09E+03  3.29E+02 3.82E+03 5.43E+02 + 3.62E+02 3.16E+02 — 2.45E+03  3.19E+02 + 9.27E+02  3.34E+02 —
DE/best/1T ~ 2.75E+03  6.82E+02  6.43E+03 7.14E+02 + 4.32E+03  6.56E+02  + = = - - -
15 DEfrand/1 7.56E+03  3.90E+02 5.57E+03 8.75E+02 —  3.76E+03 7.84E+02 —  4.18E+03 8.69E+02 —  4.96E+03 7.69E+02 5.73E+03  1.27E+03 4.52E+03  2.83E+02 -  7.39E+03  2.50E+02 = 7.06E+03  8.82E+02 —
DE/best/1  5.45E+03  8.65E+02 5.97E+03 8.23E+02 = 491E+03  7.68E+02  — = = - + +
16 DE/rand/1 2.36E+00 3.06E-01 1.73E+00 5.80E-01 = 2.59E+00 3.34E-01 = 2.80E+00 5.18E-01 + 2.70E+00 5.48E-01 = 3.62E+00 9.14E-01 + 2.69E+00 3.78E-01 + 3.03E+00 247E-01 + 3.12E+00  2.83E-01 +
DE/best/1 ~ 2.45E+00 2.91E-01 1.63E+00 6.92E-01 = 1.23E+00 6.39E-01 = + = + + + +
17 DE[rand/1 2.23E+02 3.70E+02 6.99E+02 4.43E+02 + 7.18E+02 4.77E+02  + 6.09E+02  3.66E+02 + 3.69E+02  9.45E+01 5.21E+02 1.73E+02 + 4.07E+02  1.30E+02  + 9.06E+01  7.72E+00 —  7.53E+01 6.77E+00 —
DE/best/1  5.33E+02  3.94E+02  1.22E+03 3.55E+02 + 1.23E+03  4.90E+02  + = - = - -
18 DEfrand/1 4.56E+02 2.95E+02  1.22E+03 3.81E+02 + 9.77E+02  3.03E+02 + 8.23E+02  4.84E+02 + 5.65E+02  1.36E+02 6.61E+02 1.21E+02 + 6.60E+02  8.96E+01 + 221E+02  1.46E+01 —  242E+02 1.96E+01
DE/best/1  5.28E+02  4.51E+02  1.16E+03 4.49E+02 + 1.07E+03  527E+02 + + = + + - -
19 DE/rand/1 4.36E+02 1.01E+06 4.93E+05 7.07E+06 + 3.37E+04 3.34E+06 + 4.79E+05 6.47E+05 + 4.84E+02 6.54E+02 = 6.36E+04 6.35E+04 + 7.59E+05  7.39E+05 + 9.68E+00  1.56E+00 —  1.03E+01 1.29E+00 —
DE/best/1  7.73E+01  4.89E+05 3.11E+05 1.16E+07 +  4.96E+04 4.91E+06 + + + + + - -
20 DEfrand/1 1.45E+01 2.17E-01 1.50E+01 3.98E-07 + 1.45E+01 1.25E-01 — 1.48E+01 2.10E-01 = 1.36E+01 1.06E+00 = 1.43E+01 7.08E-01 = 1.49E+01 1.83E-01 = 1.26E+01 2.54E-01 - 1.30E+01  2.59E-01 —
DE/best/1 1.45E+01 1.71E-01 1.50E+01 0.00E+00 + 1.45E+01 8.95E-02 + = = = = - -
21 DEfrand/1 2.19E+02  4.20E+02 3.22E+03 1.07E+03 + 456E+02 5.79E+02  + 2.40E+03 3.77E+02 + 5.09E+02  9.11E+01 + 1.01E+03  6.02E+02  + 2.87E+03 3.62E+02 + 3.07E+02  6.92E+01 + 2.92E+02  7.95E+01 +
DE/best/1 2.10E+02  3.38E+02  3.31E+03 1.20E+03 + 6.08E+02  7.53E+02  + + + + + + +
22 DEfrand/1 1.88E+03  1.53E+03  6.00E+03 8.71E+02 + 3.38E+03  8.44E+02 + 8.90E+02  9.34E+02  — 1.28E+03 6.97E+02 = 4.14E+03  6.12E+02  + 7.35E+02 8.37E+02 — 3.03E+03  4.64E+02 + 1.30E+03  5.21E+02 —
DE/best/1 2.30E+03  6.90E+02  7.43E+03 6.57E+02 + 4.23E+03  7.75E+02  + - = + - +
23 DEfrand/1 7.86E+03  4.43E+02 6.82E+03  8.80E+02 4.59E+03 7.76E+02 -  5.38E+03 6.35E+02 = 5.99E+03 1.30E+03 = 7.06E+03  1.55E+03 = 4.87E+03 1.16E+03 -  7.72E+03  3.59E+02 = 7.26E+03  1.07E+03
DE/best/1T  3.87E+03  1.64E+03  7.60E+03 6.71E+02 = 4.97E+03  9.57E+02  + = = = + +
24 DEfrand/1 2.70E+02 9.58E+00  3.02E+02 1.20E+02 + 2.79E+02  1.69E+01 + 3.69E+02 3.59E+01 + 3.19E+02  1.30E+01 = 3.14E+02 9.69E+00 = 3.42E+02 2.88E+01 + 2.26E+02  7.35E+00 -  241E+02 1.03E+01 —
DE/best/1 ~ 2.99E+02  2.85E+00 3.21E+02 2.07E+02 + 2.86E+02  1.93E+02 = = = + - -
25 DEfrand/1 297E+02 3.09E+00 2.83E+02 9.27E+00 = 2.95E+02 4.42E+00 = 3.61E+02 2.21E+01 = 3.36E+02 1.48E+01 = 3.32E+02 1.62E+01 = 3.56E+02 1.69E+01 + 2.82E+02  2.19E+01 —  2.72E+02 9.57E+00 —
DE/best/1  2.95E+02  4.34E+00 3.03E+02 1.80E+01 + 2.92E+02 5.40E+00 = = = = + =
26 DEfrand/1 2.01E+02 3.79E+01 2.33E+02 5.78E+01 + 2.04E+02 6.00E+01 + 2.80E+02 9.67E+01 = 3.71E+02 6.03E+01 = 3.37E+02 9.27E+01 = 2.40E+02  7.77E+01 + 2.20E+02  4.85E+01 + 2.00E+02 8.71E-02 =
DE/best/1 ~ 3.78E+02  9.85E+00 2.61E+02 1.24E+02 —  2.04E+02 7.92E+01 = = = = - - -
27 DEfrand/1 1.25E+03 3.96E+01 1.28E+03 1.09E+02 + 1.18E+03  6.33E+01 1.32E+03  1.07E+02 = 1.29E+03 1.33E+02 = 1.33E+03  5.11E+01 = 1.28E+03 6.51E+01 = 6.13E+02  8.11E+01 —  8.02E+02 1.19E+02 —
DE/best/1  1.18E+03  4.34E+01 1.43E+03 6.97E+02 + 1.17E+03  9.37E+01 = = = = + - -
28 DEfrand/1 2.64E+03  1.50E+03  4.43E+03 2.97E+03 + 4.26E+03  3.39E+03  + 5.23E+03  1.28E+03  + 3.76E+03  7.61E+02 =  4.24E+03 1.40E+03 = 4.55E+03  8.14E+02 + 3.00E+02 1.89E-02 - 3.01E+02 3.64E-01 —
DE/best/1  2.74E+03  2.54E+03  7.42E+03 9.88E+03 + 3.81E+03  4.38E+03  + + = = + — —
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Table 13
Best error (Best), standard deviation (Std), and Wilcoxon rank-sum (W) test for MDEVM (Np =5) vs. MDE (Np =5), MDESM (Np =5), uJADE (Np = {5, 8}), SaDE (Np={5, 50}), and CoDE (Np = {5, 30}) for dimension D =50.
f MV MDEVM MDE MDESM JLJADE SaDE CoDE JLJADE SaDE CoDE
Np=5 Np=8 Np=50 Np=30
Best Std Best Std w Best Std w Best Std 4 Best Std w Best Std Y Best Std w Best Std w Best Std Y
1 DEfrand/1 1.03E-02 6.74E+04 8.34E+04 190E+04 +  1.90E+03 1.01E+04 + 512E+04 1.12E+04 +  1.00E+03 2.16E+03 +  1.05E+04 9.78E+03 +  3.62E+04 1.20E+04 + 3.16E-08 6.52E-08 — 7.69E-06 4.29E-06 —
DE/best/1 ~ 2.91E+01 8.95E+03  7.79E+04 2.41E+04 +  1.06E+04 1.65E+04 + + + + + - -
2 DEfrand/1 2.15E+07 2.94E+07 7.54E+08 1.56E+09 +  3.87E+07 4.74E+07 + 481E+08 3.87E+08 + 6.93E+07 3.19E+07 +  7.82E+07 2.11E+07 +  1.07E+08 5.69E+07 +  145E+07 4.42E+06 — 548E+06 152E+06 —
DE/best/1  2.04E+07  3.07E+07  1.86E+09 2.57E+09 + 1.09E+08 1.70E+08 + + + + + - -
3 DEfrand/1 242E+10 2.77E+11 4.00E+12 3.05E+18 + 4.86E+10 1.07E+11 = 9.04E+11 1.82E+12 + 6.33E+10 1.58E+10 + 8.36E+10 4.69E+10 +  253E+10 7.38E+09 =  1.92E+09 1.72E+09 —  1.14E+09 134E+09 —
DE/best/1 ~ 2.45E+10  137E+11 243E+13  4.45E+20 +  7.63E+10 2.59E+11 + + + + = - -
4 DEfrand/1 281E+05 2.00E+06 131E+05 136E+05 - 563E+04 2.68E+05 — 9.84E+04 4.81E+04 —  1.16E+05 244E+04 =  1.01E+05 2.60E+04 = 9.12E+04 1.84E+04 471E+04  6.15E+03 -  1.62E+04  4.33E+03 —
DE/best/l ~ 1.16E+05 1.94E+06 127E+05 1.59E+05 +  7.04E+04 3.08E+05 — = = = - - -
5  DEfrand/1 1.25E-01 1.32E+02 190E+04 3.21E+04 + 1.09E+04 3.77E+04 +  2.80E+04 3.58E+04 + 292E+02 3.12E+02 + 855E+03 6.15E+03 +  7.97E+03 4.78E+03 + 3.42E-03 215E-03 - 131E-03 571E-04 -
DE/best/1 ~ 2.77E+02  126E+04 3.48E+04 3.55E+04 +  1.59E+04 3.34E+04 + + = + + - -
6  DE/rand/1 4.34E+01 4.85E+01 9.58E+03 6.31E+03 +  4.09E+02 3.58E+02 +  4.95E+03 1.84E+03 + 292E+02 6.35E+01 + 5.85E+02 261E+02 +  265E+03 1.92E+03 + 691E+01 3.05E+01 +  4.69E+01 1.81E+00 +
DE/best/1  1.25E+02  2.79E+02  1.03E+04 7.21E+03 +  9.12E+02 1.57E+03 + + + + - -
7  DEfrand/1 1.92E+02 2.04E+02 3.86E+02 2.25E+05 + 6.23E+02 2.14E+05 + 857E+03 1.77E+04 +  4.78E+02 3.36E+02 + 5.59E+03 6.44E+03 +  6.58E+02 1.02E+03 +  7.15E+01 146E+01 —  8.65E+01 157E+01 —
DE/best/1 ~ 2.77E+02  2.10E+04  2.53E+03 6.97E+06 +  3.02E+03 2.10E+07 + + + + + - -
8  DE/rand/1 2.11E+01 5.80E-02 2.11E+01 3.49E-02 + 2.11E+01 3.67E-02 = 2.12E+01 291E-02 = 212E+01 3.55E-02 = 2.13E+01 823E-02 = 2.12E+01 3.26E-02 = 212E+01 4.10E-02 = 2.12E+01 4.74E-02 =
DE/best/1 ~ 2.11E+01  3.59E-02 2.11E+01 3.16E-02 =  2.11E+01 321E-02 = = = = =
9  DE/frand/1 7.23E+01 1.38E+00 6.55E+01 3.90E+00 —  G6.82E+01 236E+00 =  6.44E+01 3.59E+00 =  7.03E+01 5.63E+00 =  7.05E+01 576E+00 = 639E+01 1.95E+00 — 6.39E+01 562E+00 —  4.21E+01  7.45E+00 —
DE/best/1 ~ 6.52E+01 3.01E+00  7.11E+01 3.73E+00 +  G6.97E+01 3.40E+00 = = = = = -
10 DEjrand/1 1.09E+01 1.55E+02  1.34E+04 421E+03 + 851E+02 8.03E+02 + 572E+03 2.06E+03 + G6.82E+02 243E+02 +  139E+03 9.62E+02 +  3.23E+03 2.03E+03 + 229E+01 549E+00 +  3.25E+00 9.13E-01 —
DE/best/1 ~ 2.34E+02  7.58E+02  1.08E+04 5.94E+03 +  2.03E+03 2.09E+03 + + + + + - -
11 DEjrand/1 2.84E+02 2.88E+02 140E+03 3.77E+02 +  1.03E+03 4.02E+02 +  8.17E+02 245E+02 +  7.46E+02 125E+02 +  7.61E+02 240E+02 +  3.87E+02 2.18E+02 + G6.42E+01 8.14E+00 - 6.23E+01 1.19E+01 —
DE/best/1 ~ 9.72E+02  3.63E+02  122E+03 4.44E+02 +  9.15E+02 527E+02 - = = = - - -
12 DEfrand/1 2.75E+02 227E+02 1.32E+03 3.82E+02 + 9.93E+02 3.41E+02 +  1.07E+03 3.98E+02 + 7.17E+02 121E+02 9.17E+02 2.52E+02 +  8.85E+02 271E+02 +  2.19E+02 9.68E+01 —  1.09E+02  2.92E+01 —
DE/best/l ~ 1.01E+03  3.24E+02 121E+03 4.17E+02 +  127E+03 3.85E+02 + = - -
13 DEfrand/1 5.78E+02 1.88E+02 9.64E+02 297E+02 +  121E+03 242E+02 +  127E+03 2.58E+02 + 9.33E+02 196E+02 +  1.08E+03 1.96E+02 + 9.60E+02 229E+02 +  3.93E+02 2.37E+01 -  3.15E+02 7.74E+01 —
DE/best/T ~ 9.30E+02 2.94E+02 128E+03 3.45E+02 +  1.38E+03 3.95E+02 + = = - -
14 DEfrand/1 4.20E+03 4.05E+03 1.08E+04 9.62E+02 +  6.50E+03 1.14E+03 1.21E+03  9.46E+02 2.92E+03  9.29E+02 7.97E+03 1.97E+03 =  1.23E+03 1.62E+03 - 527E+03 4.71E+02 +  1.66E+03 4.50E+02 —
DE/best/1  5.11E+03  9.32E+02 131E+04 8.07E+02 +  8.96E+03 1.01E+03 - - = - = -
15 DEfrand/1 1.54E+04 4.76E+02 124E+04 831E+02 — 7.41E+03 1.19E+03 8.58E+03  1.27E+03 1.02E+04  1.37E+03 1.17E+04 1.80E+03 =  7.83E+03 3.03E+02 -  141E+04 4.56E+02 1.34E+04  1.47E+03 -
DE/best/1  1.47E+04  4.58E+02  1.40E+04 7.25E+02 1.01E+04 131E+03 - = = = = -
16 DEjrand/1 3.56E+00 2.41E-01 3.01E+00 3.97E-01 - 3.28E+00 3.36E-01 3.78E+00 2.86E-01 =  3.64E+00 5.80E-01 = 5.16E+00 1.00E+00 = 3.56E+00 3.33E-01 = 3.89E+00 449E-01 + 3.86E+00 3.97E-01 +
DE/best/1 ~ 2.99E+00  3.46E-01 1.94E+00 7.73E-01 2.89E+00 3.91E-01 = = = = + + +
17 DEjrand/1 4.68E+02 2.59E+03  2.00E+03 6.52E+02 =  1.56E+03 6.70E+02 =  1.26E+03 6.23E+02 +  1.08E+03 2.12E+02 +  156E+03 3.85E+02 +  8.30E+02 1.97E+02 + 1.81E+02 9.76E+00 —  1.44E+02 1.25E+01 —
DE/best/1 ~ 1.71E+03  5.92E+02  2.10E+03 6.76E+02 +  2.21E+03 6.89E+02 + - - -
18 DEjrand/1 1.03E+03  2.55E+03  2.41E+03 4.68E+02 =  2.15E+03 6.00E+02 = 1.27E+03 222E+02 = 1.62E+03 3.12E+02 =  1.89E+03 3.66E+02 =  1.70E+03 9.08E+02 4.44E+02  1.71E+01  —  447E+02  2.59E+01 —
DE/best/T ~ 1.71E+03  5.50E+02  2.24E+03 5.22E+02 +  1.57E+03 7.99E+02 — - -
19 DEjrand/1 1.25E+02 1.19E+07 1.94E+06 1.49E+07 + 926E+04 581E+06 +  3.36E+06 G6.13E+06 +  2.59E+03 4.75E+03 +  1.65E+05 2.27E+05 +  7.06E+04 7.22E+04 +  246E+01 2.94E+00 —  2.00E+01 2.72E+00 —
DE/best/1  1.56E+03  2.04E+06  2.30E+06 1.31E+07 + 7.44E+05 1.24E+07 + + + + - -
20 DE[rand/1 249E+01 2.31E-02 250E+01 0.00E+00 +  245E+01 2.12E-01 -  242E+01 4.48E-01 =  239E+01 1.10E+00 - 2.44E+01 4.10E-01 = 242E+01 541E-01 =  220E+01 3.16E-01 -  226E+01 3.89E-01 -
DE/best/1 ~ 2.45E+01 2.36E-01 250E+01 0.00E+00 +  2.45E+01 121E-01 + = - = = - -
21 DE/rand/1 2.02E+02 4.82E+02 6.54E+03 1.39E+03 +  2.02E+03 7.16E+02 +  5.04E+03 830E+02 +  147E+03 8.82E+02 + 295E+03 8.89E+02 +  4.02E+03 231E+02 +  8.66E+02 3.63E+02 +  9.09E+02  3.74E+02 +
DE/best/1 ~ 5.55E+02  7.76E+02  6.52E+03 1.97E+03 +  3.13E+03 9.86E+02 + + + + + + +
22 DE[rand/1 4.82E+03 4.44E+03 123E+04 1.12E+03 +  7.32E+03 1.16E+03 = 255E+03 1.73E+03 = 4.79E+03 143E+03 = 8.89E+03 1.68E+03 +  157E+03 2.00E+03 —  6.54E+03 6.68E+02 +  224E+03 8.8GE+02 —
DE/best/1 ~ 4.76E+03  1.06E+03  145E+04 8.94E+02 +  1.05E+04 1.03E+03 + = = + - +
23  DE/rand/1 1.52E+04 6.18E+02 127E+04 8.51E+02 837E+03 1.84E+03 - 998E+03 135E+03 =  127E+04 1.06E+03 = 131E+04 181E+03 = 1.00E+04 535E+02 — 150E+04 547E+02 =  1.42E+04 G.86E+02 —
DE/best/1 ~ 1.48E+04 527E+02 1.48E+04 7.96E+02 =  9.77E+03 1.88E+03 = = = - =
24 DE[rand/1 3.86E+02 4.36E+00 3.90E+02 2.24E+02 + 3.65E+02 1.01E+01 — 492E+02 502E+01 + 430E+02 1.76E+01 =  4.26E+02 156E+01 =  4.40E+02 4.28E+01 +  2.75E+02  8.26E+00 2.75E+02  1.13E+01  —
DE/best/1 ~ 3.64E+02  6.23E+00 503E+02 4.32E+02 +  3.73E+02 2.12E+02 = + = = + -
25 DE/rand/1 3.85E+02 3.88E+00 3.63E+02 1.23E+01 -  3.73E+02 4.82E+00 — 4.98E+02 298E+01 +  4.68E+02 2.30E+01 +  4.58E+02 2.01E+01 +  4.62E+02 3.66E+01 +  3.69E+02  3.26E+01 3.31E+02  1.63E+01 —
DE/best/1 ~ 3.83E+02 3.51E+00 3.92E+02 3.02E+01 +  3.72E+02 7.53E+00 = + + + + = -
26 DEfrand/1 4.90E+02 4.28E+00 4.59E+02 5.63E+01 -  2.10E+02 5.02E+01 —  3.40E+02 140E+02 = 427E+02 1.18E+02 = 4.54E+02 8.73E+01 = 2.06E+02 6.65E+00 267E+02  9.24E+01 —  3.24E+02 9.37E+01 —
DE/best/1 ~ 2.04E+02  7.28E+01 4.87E+02 7.23E+02 +  2.09E+02 9.15E+01 = = = + = + +
27 DE[rand/1 2.04E+03  5.54E+01 2.16E+03 2.26E+02 +  1.98E+03 8.64E+01 —  256E+03 241E+02 =  220E+03 1.19E+02 =  2.14E+03 1.77E+02 = 229E+03 6.58E+01 +  1.17E+03 140E+02 —  1.19E+03 123E+02 —
DE/best/T ~ 2.11E+03  3.33E+01  2.33E+03 1.06E+03 +  2.02E+03 8.13E+01 = = = = + - -
28 DE[rand/1 4.35E+02 3.05E+03 1.00E+04 9.63E+03 +  7.42E+03 226E+03 +  8.01E+03 1.17E+03 +  7.06E+03 1.20E+03 + 9.08E+03 1.48E+03 +  8.16E+03 1.01E+03 + 566E+02 7.43E+02 +  1.02E+03 128E+03 +
DE/best/1 ~ 2.86E+03  3.61E+03  1.05E+04 3.36E+03 +  1.05E+04 1.04E+04 + + + + + - —
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Table 14
Best error (Best), standard deviation (Std), and Wilcoxon rank-sum (W) test for MDEVM (Np =5) vs. MDE (Np =5), MDESM (Np =5), uJADE (Np = {5, 8}), SaDE (Np={5, 50}), and CoDE (Np = {5, 30}) for dimension D=100.

f MV MDEVM MDE MDESM JADE SaDE CoDE JJADE SaDE CoDE
Np=5 Np=8 Np=50 Np=30
Best Std Best Std w Best Std W Best Std \ Best Std W Best Std W Best Std W Best Std W Best Std
1 DEfrand/1 1.92E+04 1.99E+05 2.25E+05 3.74E+04 + 6.00E+04 2.16E+04 = 1.41E+05 2.95E+04 + 6.45E+03  3.52E+03 5.24E+04 1.67E+04 + 1.10E+05 1.50E+04 + 1.32E-05 1.87E-05 - 2.50E-06 1.67E-06
DE/best/1  2.16E+04 2.93E+04 1.87E+05 4.12E+04 + 1.12E+05 3.26E+04 + + - + + -
2 DE/rand/1 9.68E+07 1.02E+08  7.70E+09 3.69E+09 +  3.37E+08 2.22E+08 + 1.18E+09 1.15E+09 + 2.19E+08 7.25E+07 +  3.33E+08 1.11E+08 +  4.20E+08 3.88E+08 +  2.93E+07 5.04E+06 —  1.19E+07 3.54E+06
DE/best/1  1.75E+08 2.00E+08 1.18E+10 5.07E+09 +  8.77E+08 1.01E+09 + + = = + -
3 DE/rand/1  3.00E+11 9.77E+11 5.51E+19 2.58E+25 + 1.40E+12  5.23E+15 + 4.56E+18 9.59E+18  + 2.01E+14 6.31E+14 + 3.52E+14 9.78E+14 + 6.52E+17 1.44E+18 + 2.22E+10 5.50E+09 —  8.64E+09  3.35E+09
DE/best/1  3.46E+11 2.71E+12  3.08E+20 4.69E+28 + 427E+14  1.29E+20 + + + + + —
4 DE/rand/1 4.38E+05 9.53E+05 3.19E+05 4.06E+05 — 1.23E+05 1.11E+06 —  2.16E+05 5.70E+04 = 2.27E+05 2.49E+04 = 1.94E+05 5.10E+04 2.19E+05 4.28E+04 — 1.10E+05 1.34E+04 —  3.80E+04 7.63E+03
DE/best/1  2.69E+05 2.28E+06 3.09E+05 2.52E+05 + 1.94E+05 7.36E+05 — = = - -
5 DE/rand/1 2.40E+04 4.64E+04 1.08E+05 5.63E+04 + 4.18E+04 8.46E+04 + 7.33E+04 3.18E+04 + 447E+03  1.01E+04 3.05E+04 6.95E+03 = 2.70E+04 1.60E+04 + 6.81E-02 347E-02 - 286E-03 1.31E-03
DE/best/1  9.10E+03 5.73E+04  1.12E+05 5.45E+04 +  7.49E+04 7.17E+04 + + + + -
6 DEfrand/1 1.92E+03 5.56E+04 5.03E+04 2.26E+04 + 5.41E+03 4.00E+03 + 2.42E+04 5.80E+03 + 2.05E+03  9.79E+02 5.22E+03 1.38E+03 + 2.07E+04 6.07E+03 +  343E+02 7.27E+01 -  240E+02 4.80E+01
DE/best/T ~ 2.93E+03 3.68E+03  6.42E+04 2.06E+04 + 1.73E+04 9.37E+03  + + = + + -
7 DE/rand/1 2.87E+04 1.34E+07 4.99E+06 2.05E+09 + 1.14E+06  9.27E+07 + 1.53E+07 2.79E+07  + 7.95E+05 1.29E+06 +  4.09E+06 5.66E+06 + 5.95E+05 9.51E+05 + 1.39E+02  3.34E+01 -  1.04E+02  2.72E+01
DE/best/T  4.01E+04 2.57E+08 2.64E+07 1.19E+10 + 6.69E+06 6.67E+09  + + + + + -
8 DE/rand/1  2.13E+01 2.87E-02 2.12E+01 5.11E-02 —  2.13E+01 2.38E-02 = 2.14E+01 2.72E-02 = 2.14E+01 1.53E-02 = 2.14E+01 4.50E-02 = 2.14E+01 1.34E-02 =  2.14E+01 3.04E-02 = 2.14E+01  1.80E-02
DE/best/1  2.13E+01 2.86E—02 2.12E+01 5.01E-02 —  2.12E+01 4.19E-02 = = = = = =
9 DE/rand/1 1.61E+02 1.84E+00 1.43E+02 7.41E+00 — 1.48E+02 4.58E+00 —  1.52E+02 4.84E+00 = 1.59E+02 4.66E+00 = 1.59E+02 5.55E+00 = 1.48E+02 5.30E+00 —  1.44E+02 1.49E+01 — 9.31E+01  7.40E+00
DE/best/1T  1.39E+02 5.13E+00 1.51E+02 5.18E+00 + 1.50E+02  6.21E+00 = = = + =
10 DEfrand/1 2.51E+03 1.56E+03  3.56E+04 9.79E+03 + 5.56E+03 2.76E+03  + 1.66E+04 7.19E+03  + 2.35E+03 1.33E+03 = 4.79E+03  1.99E+03 = 8.52E+03 526E+03 +  8.79E+01 236E+01 -  2.16E+01  7.35E+00
DE/best/1  526E+03 2.57E+03 3.98E+04 9.77E+03 + 1.19E+04 4.27E+03 + + = = + -
11 DEfrand/1 2.44E+03 8.08E+02 3.78E+03 9.22E+02 +  2.94E+03 1.00E+03 + 223E+03 7.07E+02 = 2.07E+03 3.54E+02 = 2.68E+03 6.03E+02 = 1.93E+03  7.44E+02 - 1.76E+02  1.69E+01 - 1.41E+02  2.15E+01
DE/best/1  2.49E+03 9.43E+02 4.29E+03 9.79E+02 +  3.68E+03 1.01E+03 + = = = - -
12 DE/rand/1  2.12E+03 5.59E+02  3.81E+03 1.15E+03 + 3.03E+03 6.86E+02  + 2.66E+03 7.98E+02 = 2.35E+03 4.00E+02 = 3.08E+03 6.07E+02 = 2.51E+03 8.06E+02 + 4.61E+02  6.33E+01 - 3.37E+02  4.82E+01
DE/best/1  3.56E+03 5.57E+02  4.07E+03 7.65E+02 + 3.44E+03 9.49E+02 - = = = - -
13 DE/rand/1 2.59E+03 5.68E+02  3.46E+03 8.68E+02 + 3.27E+03 8.76E+02  + 3.18E+03 1.18E+03 = 2.68E+03 4.82E+02 = 3.17E+03 3.73E+02 = 2.94E+03 7.43E+02 + 1.00E+03  9.06E+01 - 6.40E+02  7.87E+01
DE/best/1  2.93E+03 7.07E+02  4.06E+03 9.65E+02 + 4.10E+03  8.06E+02  + = = = -
14 — DE/rand/1 1.26E+04 1.43E+03 2.62E+04 1.54E+03 + 1.76E+04 1.67E+03 + 3.53E+03 2.76E+03 - 1.08E+04 1.19E+03 = 2.20E+04 2.68E+03 = 1.97E+03 1.39E+03 — 1.39E+04 6.62E+02 + 3.67E+03  7.29E+02
DE/best/T  1.48E+04 1.59E+03  3.07E+04 1.04E+03 +  225E+04 1.83E+03 + = = - -
15 DEfrand/1 3.18E+04 7.00E+02  2.73E+04 1.46E+03 — 1.99E+04 3.47E+03 — 1.59E+04 1.91E+03 2.28E+04 2.50E+03 = 2.38E+04 2.77E+03 = 1.70E+04 2.00E+03 -  2.95E+04 6.58E+02 — 1.99E+04  5.52E+03
DE/best/1  3.23E+04 8.49E+02 2.93E+04 1.20E+03 —  246E+04 1.82E+03 — = = = - -
16 DE/rand/1 3.57E+00 3.12E-01 3.87E+00 2.40E-01 = 3.90E+00 2.61E-01 = 3.86E+00 5.12E-01 = 3.84E+00 7.54E-01 =  476E+00 1.15E+00 = 3.96E+00 3.56E-01 +  4.40E+00 268E-01 +  4.32E+00 5.19E-01
DE/best/1  3.79E+00 2.95E-01 2.87E+00 5.05E-01 —  3.30E+00 3.18E-01 = = = = = +
17 DE/rand/1 4.97E+03 2.99E+03  6.43E+03 9.35E+02 + 5.16E+03  1.42E+03 + 3.31E+03 2.02E+03 = 3.08E+03 4.07E+02 = 4.33E+03 4.92E+02 = 2.09E+03 1.47E+03 —  4.94E+02 227E+01 — 3.02E+02 2.12E+01
DE/best/1  5.52E+03 1.26E+03  6.11E+03  8.72E+02 6.81E+03  1.47E+03 = = = - -
18 DE/rand/1 5.06E+03 3.64E+03  5.91E+03 1.33E+03 + 5.87E+03 1.23E+03 + 5.10E+03 3.17E+03 =  4.20E+03 6.23E+02 = 5.32E+03 1.11E+03 =  3.75E+03 1.69E+03 - 1.17E+03 7.47E+01 — 8.81E+02 2.57E+02
DE/best/1  5.93E+03 1.22E+03 5.91E+03 1.22E+03 = 6.20E+03  1.03E+03 = = - -
19 DEfrand/1 3.98E+05 9.63E+07  2.17E+07 2.32E+07 + 5.74E+06  2.03E+07 + 2.10E+06 1.98E+06 + 7.64E+04 1.12E+05 —  247E+06 2.07E+06 + 8.57E+05 4.86E+05 8.93E+01 1.46E+01 —  520E+01 1.09E+01
DE/best/1  1.15E+06 3.52E+07  1.64E+07 2.38E+07 + 2.61E+06 4.37E+07 + = = -
20 DE/rand/1 5.00E+01 0.00E+00  5.00E+01 0.00E+00 = 5.00E+01 0.00E+00 = 5.00E+01 3.16E-11 = 5.00E+01  0.00E+00 5.00E+01 0.00E+00 = 5.00E+01 0.00E+00 =  5.00E+01 0.00E+00 = 5.00E+01  0.00E+00
DE/best/1  5.00E+01 0.00E+00  5.00E+01 0.00E+00 = 5.00E+01 0.00E+00 = = = = = =
21 DE/rand/1 2.85E+03 2.62E+03  1.24E+04 3.06E+03 + 6.28E+03  1.66E+03  + 8.35E+03 9.76E+02  + 1.95E+03 1.00E+03 = 6.28E+03  1.47E+03  + 7.27E+03 297E+02 + 4.83E+02  1.01E+02 -  437E+02  3.62E+01
DE/best/1  2.97E+03 3.13E+03  1.27E+04 4.92E+03 + 9.86E+03 1.66E+03  + + = + + —
22 DE/rand/1 1.20E+04 1.92E+03  2.84E+04 1.45E+03 + 2.04E+04 1.68E+03 + 471E+03 3.53E+03 — 1.32E+04 1.88E+03 = 2.59E+04 2.69E+03 = 2.56E+03 9.21E+02 - 1.70E+04  1.10E+03  + 4.06E+03  8.31E+02
DE/best/1 1.48E+04 1.66E+03  3.24E+04 1.29E+03 + 2.41E+04 2.20E+03 + - = = - +
23 DEfrand/1 3.23E+04 6.97E+02  2.89E+04 1.25E+03 2.13E+04 3.52E+03 -  2.37E+04 1.62E+03 = 2.81E+04 237E+03 = 3.07E+04 4.21E+03 = 2.29E+04 250E+03 -  3.15E+04 6.75E+02 = 2.21E+04  5.39E+03
DE/best/1  2.52E+04 1.91E+03  3.24E+04 9.58E+02 2.58E+04 2.63E+03 + = = = -
24 DEfrand/1 5.99E+02 5.83E+00 6.20E+02 1.67E+03 + 5.70E+02  9.21E+02 1.68E+03  8.55E+02  + 8.15E+02 8.69E+01 = 7.60E+02 8.89E+01 = 8.46E+02 1.38E+02 +  4.28E+02 1.19E+01 - 3.90E+02  2.08E+01
DE/best/1T  5.98E+02 6.37E+00  9.28E+02 1.44E+03 + 5.85E+02  1.87E+03 + = = +
25 DE/rand/1 5.98E+02 5.98E+00 5.80E+02 2.31E+01 —  6.00E+02 5.75E+00 9.42E+02 1.31E+02 + 8.65E+02 7.32E+01 +  8.15E+02 7.60E+01 + 8.79E+02 3.01E+01 +  5.78E+02 1.87E+01 4.90E+02  1.86E+01
DE/best/1  5.99E+02 5.77E+00 6.18E+02 9.77E+01 + 5.88E+02 8.38E+00 = + + + + =
26 DE/rand/1  7.04E+02 6.14E+00 6.85E+02 1.44E+03 —  3.02E+02 7.42E+02 — 6.96E+02 1.31E+01 = 7.01E+02 2.56E+01 = 6.88E+02  1.29E+01 = 7.02E+02 3.33E+01 =  525E+02 1.79E+01 —  520E+02 2.77E+01
DE/best/1  6.42E+02 1.76E+01  7.24E+02 1.98E+03  + 6.93E+02 8.05E+02  + = = = + -
27 DE/rand/1 4.31E+03 6.93E+01 4.31E+03 1.98E+03 +  4.05E+03 1.03E+02 5.76E+03 5.87E+02 =  4.94E+03 3.07E+02 = 4.85E+03 2.51E+02 = 5.18E+03 3.32E+02 +  2.72E+03 1.93E+02 —  2.54E+03  2.33E+02
DE/best/1  4.29E+03 6.10E+01  5.00E+03 3.09E+03 +  4.21E+03 7.03E+02 = = = = + -
28 DE/rand/1 2.23E+04 1.09E+04 2.78E+04 2.64E+04 =  2.99E+04 3.98E+04 + 2.08E+04 6.70E+03 = 2.14E+04 1.80E+03 = 2.49E+04 2.56E+03 = 2.02E+04 1.53E+03 -  7.10E+03  246E+03 - 3.73E+03  1.12E+03
DE/best/1  2.71E+04 2.78E+04 2.66E+04 1.77E+04 2.98E+04 8.56E+04 = = = = — —
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