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Abstract Vibration control of exible structures has always
been one of the most important issues and Among variant
available control methods, active vibration control using piezo-
electric sensors and actuators has become popular due to its
high ef ciency and exibility for designing a control system. The
main concern in designing a control system with piezoelectric
patches is nding best position for patches. On the other hand,
number of used sensors and actuators is another important
issue which affects the costs of the project as well as the
performance. The main goal of the present study is to control
oscillation of a rectangular plate using minimum number of
piezoelectric sensors and actuators (i.e., objective one) and

nding their optimum placement to get the maximum possible
performance (i.e., objective two); the mentioned two objectives
are in con ict. The plate have been mathematically modeled
using the Kirchhoff-Love theory. By considering the piezoelectric
sensor-actuators effects, the control equation of the cantilever
plate has been obtained. In order to nd the optimum number
and placement of the sensors and actuators, the multi-objective
genetic algorithm (GA) has been used and the objective functions
have been de ned based on maximization of observability and
countability indexes of the cantilever plate. After conducting the
optimization process, a few thumb rules have been extracted
using the innovization technique. The results have been veri ed
by implementing the designed controller using the optimum
solution found by optimization method. The importance of the
rules found by innovization technique have been illustrated in
the numerical discussion.

Index Terms Vibration Control, Kirchhoff-Love Plate, Fuzzy
Logic Controller, Multi-objective Optimization, Genetic Algo-
rithm, Evolutionary Computation, Innovization.

I. INTRODUCTION

and actuators in the eld of control and vibration suppression
[1] have been drawn high attention and resulted in a dense
literature in the usage of piezoelectric patches in vibration
control of the exible structures. Since the number of sensors
and actuators is often limited by physical or economical con-
straints, therefore their placement is fundamentally important
to get a desirable performance for designed control system
[2]. Optimal placement of piezoelectric sensors and actuators
for vibration control of a composite cantilever plate has been
studied by Qiu et al. [1]. They used the genetic algorithms to
nd ef cient locations of piezoelectric sensors and actuators.
They de ned their objective function in a way that it max-
imized the observability and countability indexes. They also
designed an ef cient control method by combining Positive
Position Feedback (PPF) and proportional-derivative control
for vibration reduction. Their results showed that the presented
control method was feasible and the optimal placement method
was effective. In another the optimal placement of collocated
angular rate sensors and Control Moment Gyroscope (CMG)
actuators for a constrained gyroelastic body using genetic
algorithms was investigated by Jia et al. [3]. They showed that
the number of CMG.s embedded in the constrained exible
plate was not the more, the better for vibration suppression.
Their results also showed that CMG.s were mainly placed at
the corner and the two sides of the constrained plate. Chhabra
et al. worked on optimal placement piezoelectric actuators
on plate using Modi ed Control Matrix and Singular Value
Decomposition (MCSVD) [4] . They considered the singular

During the recent years, many researchers have focusedvalues of control matrix of ten actuators as tness function
nding optimum solutions to control vibration of the exible and by maximizing it, they obtained the optimum placement

structures. Among various available vibration control methodsf the actuators. They used GA and their results indicated that
active vibration control using sensors and actuators has #ite position of the patches were symmetric to the center axis.
tracted attention due to its high ef ciency for controlling vibra-The goal of the current study is to nd the optimum number of
tion of exible structures. Recent developments in piezoelepiezoelectric sensors and actuators and their optimum position
tric materials and their applications such as distributed senstwsdesign the control system with maximum controllability
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and observability. The genetic algorithm has been used twypredict the response of the system perfectly and has been
considering natural number coding for the numbers of thveidely used in the literature [6]. According to this method,
actuators and continues modeling for their positions on tiiee general form of the transverse de ection of the plate for
plate. The plate is assumed to be rectangular and havihg four rst vibration modes can be de ned as follow:
boundary conditions of one xed side and three free sides

(i.e., cantilever plate). Théi, norm [5] has been used to 2 2

de ne controllability index as one of the objective functions. WY =D D> Wan(%Y) mn(t) 3)
Constraints have been speci ed to prevent overlapping of the
piezoelectric patches. Using the innovization concept, few\Wwherem andn denote the(m; n)th vibration mode of the
design principles have been derived which can be used mste, ,,,(t) represents the system time dependent modal co-
thumb rules by practitioners. The obtained results have besidinate, andWV,,,,(x;y) is the corresponding modal displace-
veri ed by controller designed based on the optimum numbefient function in thex andy directions. By considering the
and positions of the sensors and actuators. At the end, #htilever (CFFF) boundary condition for the platé,,,,(x;y)
results have been discussed in details. can be de ned as follow [7]:

Il. MATHEMATICAL MODELING

1) Partial Differential Equation of Motion of The Platdn
this section, mathematical modeling of the system is de ned. where
Fig. 1 shows the schematic model of the cantilever plate with

general positions of the piezoelectric patches. N
Xm(X) = cosh(" ;X)) — cos("nX) — sinh(",,1) — sin(" 1)

cosh(" 1) + cos(",.l)

P x [sinh(",X) — sin(" X))

N a (5)
A [ lya — —

§ lxa

§ : 1 n=1

§ : \/§ ) - n=2

= = , )= ) ®
NE sinte im0 (©05("nY)+

J: cosh(",y)] n>3

N

: | __ = » x(m)

N 2) Dynamic Analysis of Plate with Piezoelectric Patches:

Attaching the piezoelectric patches will effect the dynamic
Fig. 1. Schematic model of the cantilever plate with general positions Bfehavior of the plate due to their physical characteristics
iezoelectric patches . L
P P Such effects are too small, but not negligible, therefore it is

The partial differential equation of motion of a rectanguldf€cessary to consider these effects on the modal analysis of the

cantilever plate based on the Kirchhoff-Love plate theory caystem. As illustrated in Fig. 1, the rectangular piezoelectric
be written as follow: sensors and actuators have been attached to the plate and will

be used to measure the modal de ection and displacement
o velocity of the plate. Electrical circuit generated by sensors
D,( a@ +2 @ d@ WX Y;t)+ phpw —(; can be written as follow:

E— _|_ —
@% @%* @Y @t )
wherew(x;y; t) is the modal displacement of the rectangu- lzai lyai & @
lar plate, andD,, is the exural rigidity which for an isotropic li(t) = —r; / (31 W 1 €3 W +
plate can be de ned as: ) @@t @yat %
E, hd _@w .
D, P @) 2e€36; @x@y @Qy dx;

12(1 - 2)
where r; shows the distance between middle plane of the
In whichE,, ,, ,, andh, are Young’s modulus, Poisson’sith sensor and the middle plane of the plagg;, €30,
ratio, mass density and thickness of the plate, respectixelyand ezs; denote the piezoelectric stress constraints of each
andy are the coordinate variables ani the time parameter. sensorl,,; andl,,; are the length of each sensor patchxin
The Galerkin’s method has been utilized to nd the approxandy directions, respectively. Also, the piezoelectric actuator

imate response of the Eq. (1). This method has been prowexf cient could be obtained using the following relationship:
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1) Controllability Index: In order to nd the optimal place-

ment of sensors and actuators, tHe norm of the control

Cii ([0 = xa5) = (X — Xo9)] transfer function is used. C_onsiderir@é;B;C) as fthe sys-
0 pe ¢ ¢ tem state-space representation, the transfer function would be

de ned as:
(v —y2i)] + [ 2y —yu) = "(y —y2:)]

(x = xa0)]) +2C5 b |
Therefore the norm of the transfer function can be found
[ Ux = x13) = "(x =x2)] x [ "y —y1i) — "(y —y21)] using the following relationship [5]:
Wmn(x;y)> dy dx I
1
) Il = |5 [r@etna a4

a1

X H(Yy —yw) —

) G(!)=Cc(@(n -A B (13)
X [H(X —Xq;) —

T T

Considering the dynamic effect of the piezoelectric patches o _ _
on the plate, one could derive the equation of motion of tH&y substituting Eq. (13) into Eqg. (14) and doing some mathe-

plate with the attached piezoelectric patches as follow: ~ matical simpli cations, theH, norm function can be de ned
as function of state-space matrices as follow:

Na
D, VW + W+ ,hw + Cé i U(x —x14) i, — [Bil xICil 15
v i3 {Ch Iollz = BT (15)

= = x20)] X [H(y —y1) = H(y = y2)] © _ , ,
+C o(y —yu) - o(y —yo))] X [H (X — X17) The placem_ent index of eaq.h]h actuator for theth mode of
PR 0 the system is de ned as [1]:
—H (X —x2i)] +2Cq pesl (X —X15) = (X — X21)]
i = Wil[Gll2s; i =1;2;:5 (M x n);
<[y —yu) = "y —y2)lf =0 24 = WillGllzi 16
;. ) ( 2)]} ] =152, Ng: (16)

Wherew; represents the weight of each mode which re ects
tﬂe importance of that mode for controlling system. Therefore,
9 FHZ norm optimal placement index for the system based on
Re controllability can be de ned as the rst objective function
of the optimization problem:

3) Modal Analysis and State-Space EquatiorBy per-
forming modal analysis on the partial differential equation
motion of the system, Eq. (10), and doing some mathemati(%
simpli cation, the ordinary differential equations (ODE) for
theith mode can be derived as:

No 0:moj
. - Piezo
i+ ! 12 i+ ! i1 1 Z]_l - =

L 1 + Mz Max : = Z 2ij (17)
where! ; is the natural frequency of theth mode, ; is the =1

damping coef cient of thel th mode of the system. Havingrpe ther objective function of the optimization problem is

ODE of each mode, one can rewrite the ODEs in standaith \ymper of the actuators (or the total cost) which needs to
state-space form as: be minimized:

z=Az+B,u, (11) Min : Np. = Cost($) =200 x Ng; (18)
1 < Npe <20
Y =Cpz (12) whereN,, is the number of piezoelectric patches.

According to the available literature, there are many differ-
ent methods such as Goal Programming, NSGA-II [8],

In this part, the optimizing problem is de ned based owonstraints [9], etc. to nd the Pareto front set of the multi-
the controllability and observability of the control equationsbjective problem.
de ned in the previous section. Finding the optimum numbérhe problem can be solved as a bi-objective or bi-level
of piezoelectric and their optimum position is the goal odptimization problem, but the challenging part is its variable
the optimization problem. The objective functions will balimension size, due to the change in number of piezoelectric
de ned and some constraints will be considered which wipatches. In order to tackle this problem, inspired from the
be explained in details in the following subsections. -constraint method [9], for each number of piezoelectric
patches, the genetic algorithm (GA) has been run for the single

Ill. PROBLEM DEFINITION
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objective (i.e., performance) and the best solution has beme E, = 70 GPa, , = 0:33, , = 2700 kg=m°®, and
recorded. By repeating this approach for all possible numberfgf = 0:015 m. The Piezoelectric patches have the physical
piezoelectric patches and combining all the solutions obtainedaracteristics als., = 0:06 m, |, = 1:5 m, E,. = 63 GPa,

from the GA, the Pareto-front solutions have been achieved, = 0:3, ,. = 7650 kg=m°, andh,. = 0:001 m; which are

By this way, the problem is treated as N single-objectidength of the patches ir andy directions, Young’s modulus,
problems, where N is the number of cases considered f@oisson’s ratio, mass density and the thickness of the patches,
variant number of piezoelectric patches. The GA function oéspectively. It is assumed that all piezoelectric patches are the
MATLAB ® software is used to nd the optimal solutions insame and attached to the plate horizontally.

this study which detailes of the algorithm can be found iihe GA has been run for 20 times and in each time the
the references [10][12]. The control parameters set for GRermination criteria has been de ned to reach the maximum
are the population size of 100 N mutation rate (G,) of number of generation de ned for the problem in Eq. (18):
0.01, crossover rate (§ of 0.8, and the termination condition The solution found by GA in each step is the optimal
is based on allowed maximum generation numbers whichpssitions for piezoelectric patches on the plate. As three case
mentioned in the Eq. (18). For each single-objective problestudies, the best found positions and GA performance plot
the dimension of the problem is equal to the mllandy have been shown in Fig. 2 to Fig. 8. It should be mentioned
positions of the piezoelectric patches. For instance, if the nuthat each sell shows a candidate position and lled cells
ber of the piezoelectric patches are 13, so that the dimensiepresent the positions found by GA as solution:

of the GA would beD = 26. Also, for each problem the
maximum number of generations was de ned based on its

dimension as the termination conditidax 4.,, = 500 D. I
It is noteworthy to mention that using optimization method

to nd the best solution reduces the computational time

ef ciently in comparison with the brute force search which is
computationally expensive. This is while number of available
positions for each piezoelectric patch is 768, obtained from

N, x Ny, with N, = 24 and N, = 32. Therefore the total

number of different candidate combinations can be calculated v

using the following formula: l
768 768! ()
G768, Ny = (N ) T NS Nyl )
pe pe~( - pe)~ Fig. 2. Schematic model of the cantilever plate with optimum positions of

For example, as the number of piezoelectric patches figzoelectric patches fdpe =8 .
creases from 1 to 5, 10, 15 and 20, the number of possible
combinations which results in expensive computational time
for performing exhaustive search increase rapidly as follow: PPE L Rl
Npe =1 C768,1 = 768 08
Ny =5 Cres,5 = 2:1977 x 10*2
N, = 10 Cres.10 = 1:8548 x 10?2 &7
Ny = 15 Cres,15 = 1:2711 x 10% £12
N,. = 20 Cres.20 = 1:6321 x 10% E Ll
Considering the time needed for calling the controllability e |
index in each run of the program, it is obvious that performing s
the exhaustive search is almost impossible due to the high SR T L

computation time. As an example, fbi,. = 10, the function
call takes about 0.04 seconds and by considering number of Fig. 3. GA performance plot foNpe = 8.

possible combinations for 10 number of piezoelectric patches, . _
approximately1:2684 x 103 years is needed to nish the 1) Results Analysisit can be seen thatin the all shown case

search. studies, the optimum positions found by the GA are mainly
at the corners of the free end of the plate. Few number of

IV. NUMERICAL RESULTS AND DISCUSSIONS the piezoelectric patches have been placed at the sides centers

In this section, the numerical results have been discussadd almost no piezoelectric patches has been placed at the
The plate is considered with the length @af= 1:5 m and xed end. Considering the vibration behavior of a cantilever
width of b= 0:5 m. The physical characteristics of the platelate [13], to be able to control the vibration, since the highest
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Fig. 4. Schematic model of the cantilever plate with optimum positions of Generation

piezoelectric patches fddpe = 9.
Fig. 6. GA performance plot foNpe = 10.
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= I y(m)
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Fig. 5. Schematic model of the cantilever plate with optimum positions of

piezoelectric patches fd pe = 10. Fig. 7. Schematic model of the cantilever plate with optimum positions of

piezoelectric patches fd¥pe = 15.

displacement occurs at the free ends, it is logical to set
majority of the piezoelectric patches at the free end to be allpplied by feeding the GA obtained PF solutions shown in
to control the vibration faster. Fig. 10 as an initial population. The results were the same
In each run, the average of the best solutions so far and aés@ept forN,. = 18 andN . = 19 in which 0:84% and0:2%
the best solution have been collected and the Pareto-front (Rprovements have been obtained, respectively. The obtained
has been created as shown in Fig. 10. This PF illustrateFs as results of the warm initialization have been shown in
the best solutions found by the optimization for the objectivieig. 10.
functions contrallability index and number of piezoelectric
patches (cost). This should be mentioned that the cost has
been calculated based on the number of piezoelectric patches
used in each run (200 $ per piezoelectric patch). Innovization is a recently introduced methodology in which

As shown in Fig. 10, there are two important bend (i.ethe solutions found by optimization are analyzed to extract
knee points) happening df,. = 9 and N,. = 14. The useful relationships and design principles. These design prin-
controllability index increases by:.89% when the number of ciples can help designers and practitioners to obtain deeper
actuators increases from 8 to 9, while by adding only one ma#gderstanding of the problem and also motivate them for
actuator, the controllability increases by:94%. The same is working on further applications and solving more complex
happening for poinfN,. = 14, when the designer increasegroblem [14][17]. Inspired by innovization technique and
the number of actuators from 14 to 15, adding only one moby analysing found optimal positions of sensor-actuator, the
actuator will lead tol4:76% increase in controllability index. following thumb rules can be derived which are usable by
In order to make it easier for a decision maker to select of@signers:
of the solutions, Table | is presented for each optimal solution Rule 1: Positions should be chosen in a symmetrical style.
of the PF shown in Fig. 10. Rule 2: The corners of the free end of the plate should be

the very rst positions to be chosen.

In order to nd the closest possible PF to the optimal PF, a Rule 3: After free corners (foN,. > 8 in this study), the
warm initialization has been performed with 500 and 3000 middle positions of the side edges should be lled
generations in each run. The warm initialization has been with the piezoelectric patches.

V. EXTRACTING DESIGN PRINCIPLESAFTER
OPTIMIZATION USING INNOVIZATION
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Fig. 8. GA performance plot foNpe = 15.
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Fig. 10. Pareto front, Controllabilty index, Number of Actuators, and Cost
(200$ per patch).

y(m) TABLE |
I TABLE OF PARETO-FRONT
I
x(m) [[ Num. Piezo][ Contr. index (x16°1%) T cost($) [

! . . ) ) . 1 2.344 200
Fig. 9. Schematic model of the cantilever plate with optimum positions of 3 5.836 600
piezoelectric patches fd¥pe = 16. E 1'1 1 1000
7 15.16 1400

N 9 17.44 1800

Rule 4: Positions at the xed ends should not be chosen 11 20.58 2200
unless no other position is available. 12 g%g? ;ggg

Rule 5: It is better not to choose positions in the middle 17 5813 2400

of the plate. 19 28.96 3800

Considering the rst mentioned rule, the effect of the
symmetric positions has been studied by changing the obtained
positions by the optimization in a symmetric style. Therefor&ization for ten number of patches has been fed into a Fuzzy
by combining the arti cial and human intelligence, symmetri¢-0gic Controller designed and simulated by SIMULINK
positions have been chosen for the piezoelectric patches &Réiware. In the fuzzy controller, the goal is to quickly damp
some of them have been shown in Fig. 12 and Fig. 13.  Vibration of the cantilever plate. In order to aim this goal,

By taking into account the modi ed symmetric positionsthe sensors have been assigned to detect the plate vibration
the new PF has been compared with the PF found by ti@locity and the actuators are responsible for applying external
optimization in the previous section. It can be seen that in thrces to cancel out the vibration of the plate. Membership
all cases, except one (N= 15), the controllability index has functions for input and output of the fuzzy controller have
increased and even some cases which had been domin&@&n considered in ve levels as high negative (HN), negative
in the previous PFNpe = 12 and Npe = 16, now can be (N), Zero, pOSitive (P), and hlgh pOSitive (HP) for the VelOCity
seen in the PF, Fig. 14. The reason behind the improveme@f$l the actuation force. Five fuzzy rules have also been de ned
in PF after applying the innovization based rules is that ti@ apply high positive force while the velocity is high negative
evolutionary algorithms performance in local search is we¥ apply high negative force when the velocity is high positive.

and innovization acts like a local search for the solution fourfd® numerical investigation, two cases have been studied:
by the evolutionary algorithm. one using the optimum positions found by the optimization

algorithm, and the other case utilizing randomly placed piezo-

VI. VERIFICATION OF VIBRATION CONTROL electric patches on the plate. As it was mentioned in the

In order to illustrate how signi cant is to nd the optimum previous section, the symmetry of the patches position is one
positions for the piezoelectric patches, solution of the optf the most important rules obtained based on the innovization
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